0.1. lMpegucnosue.

Bot yxe xoropsrit rog Tapac Ilasmosuda JlykarmeHnko mpogoKaeT pajgoBaTh MEXMATSIHCKAX MEPBOKYPCHUKOB WH-
terpajavmu Max-I1leitna u Kypupeitis — XeHcToKa. 9TOT TEKCT MPU3BAH IOMOYb B BOCCTAHOBJIEHUH M PacIIn(POBKe
KOHCIIEKTOB 110 [I€PBOii ITOJIOBUHE BTOPOT'O CEMECTPA, B KOTOPOI U3/IaraloTcCsi OCHOBHBIE TIOJIOXKEHUSI TEOPHH OIIPEIEICH-
woro maTerpasa. C Ipyroif CTOpOHBI, BIIOJTHE MOXKET OKA3aThCH U TaK, 9TO TEKCT 3TOT YBUIAT OOBIYHBIE JIFOOUTEIN
MarTeMaTuku, He cBs3aHHble ¢ Tapacom IlasbraeM, m uM TOXKe, MOXKET OBITH, YJIACTCS UTO-HUOYIb MOHATH. Jlms HuX
nosicuio: nunrerpaj Mak-ITleitra — 910 Takoe onpesesenne nurerpaJa Jlebera, 10CTATOYHO y3KOe, HO JJIsl €r0 BBEIEHUs
He TpeOyeTcs MOHATHE MepPbl MHOXKECTBa, KOTOPOe TaK B Kypce u He nosBisercs. arerpan Kypuseitns — Xencroka
sIBJISIETCs1 OOJIee TIPOCTBIM OIpejie/ieHneM nHTerpasia JlaHxKya, mo3ToOMy 9TOT MaTeMaTuIeCKuil MyTaHT, C OJHONH CTOPO-
HBI, Ha JefICTBUTEILHOM IPsMOIl He ciabee mHTErpasa Jlebera, a ¢ Apyroit — mHTErpUpyeT B COOCTBEHHOM CMBICJIE BCE,
YTO MOYKHO IIPOMHTEIPUPOBATH B JIIOOOM M3 TPEX HECOOCTBEHHBIX CMBICJIOB HA KOHEYHBIX OTpe3Kax (Teopema Xeiika).
Buegarisier n dopmynmuposka dopmysnsr Heiorona-Jleiibnura.

DTOT KOHCIIEKT COCTaBJIEH IO JIEKIUsIM, dnTapinemcs Becaoit 2006 roma. IIpeapiayimme n3BecTHbIE KOHCIIEKTHI Ja-
TUpyoTCcA, Bpoge 061, 2003 romom, u ¢ Tex mop Kypc HEMHOI'O [IEPECTPOUJICS: HAIIPUMED, BO BTOPOIl CEMECTD Iepeexasin
Teopema XelKa 1 HeEPABEHCTBO JeObIieBa, IOMEHsINCh 0003HadeHns. JIOIUIHO 02K1U/IaTh, YTO U IIPU CJIEAYIOIIEM IIPU-
xone Tapaca Ilanprga B aynuropuio 16-24 Kypc repecTpouTCsI, M KOHCIEKT 9TOT CHOBa ycrapeeT. Ho, K cokajieHUIO,
3apaHee IMICATh KOHCIEKTHI He MOJIYYaeTCH.

Bruta MbIcab cliesiaTh 9TOT TEKCT BO3MOXKHO 6o0jiee IOIPOOHBIM, IOTOMY YTO JIOKA3aTEJbCTBA BCE HEIIPOCTHIE
u HerpuBuasibHbie. C JIPYyroil CTOPOHBI, 9TO MOXKeT ObITH He BIIOJIHE YJIOOHBIM, €CJIM KUTANCKUN SI3BIK HYXKHO CIa-
BaTh 3aBTpa. U, pa3ymMeercsi, HIKTO HE CIACET HAC IIOYTHU BCIOJY OT ONMIUOOK, TJIFOKOB M OYEISTOK, TIO3TOMY B CJIydae
Yero MUIUTe 3aMEYaHusl U [IPeJJIOZKEeHNs TyJa, OTKY/Ia Bbl 9TO CKaYa I (ITO TaKas 3alluTa KONUPANRTa CIIaMoM).

Harmr or03/16ME@HTHBI HAOOPIMUIIKUI KOJIJIEKTHB KeJIaeT YCIIEeX0B B U3yYeHUU MaTaHa!

0.2. Ob6o3HayeHus.

Eciu X — muoxkecrso, E C X 1o xg(r) — xapakrepucrudeckas (pyHKnusg Muoxkecrsa F, onpenenentnas ua X u
paBHag equnuie upu ¢ € E u nymo npu x € X \ E.

Ecmu f — orobparkenne n3 muoxkectsa X B MHOkectBo Y u E C X, to f(E) = {f(z) :x € E} CY — obpa3

mHOXKecTBa F 1pn orobparkennn f. He myradite aT0 0o6o3HaueHue co ciemyromum: ecan I = [a,b] — orpesok R, To
F(I) = F(b) — F(a) — npupamenne F ma I.

Hanucanue BessaecKUX pyKOMUCHBIX OYKOBOK MECTAMU OTJIMYAETCsI OT OpUruHaJa. Hanpumep, nHTErpasbl JJisl eJ1u-
HOOOpasust obozHavyeHbl OykBamu R, M u H, XoTs npaBaononodHee BBINISAIT BapuanThl %, I u 7. 3HaMeHuTyI0
JIykareHkoBCcKy1o OyKBY ‘B, ObITH MOXKeT, TOUHee ObLIO ObI M300Pa3UTH Kak ‘P.

d-okpecTHOCTH TOUKE & 0603Hadaercss Bs(€). IIpokosoras d-okpecrrocTs & — a0 Bj(€) = Bs(£) \ {£}-
Humna orpeska I = [a,b] obosHauaercs |I| =b — a.

OcraybabIe 0003HAYCHUST 6y,ZLeM BBOJIUTDL II0 M€pe€ UX IMOABJICHUA.
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1. OnpepeneHne NHTEerpupoBaHus.

1.1. OcHoBHble onpeaeneHus.

Omnpepnenenne. Orpesku [ u J HA3BIBAIOTCS HENIEPEKPHIBAIOIIUMUCSH, €CJIN UX Tepecederue I NJ mycTo Ui COCTOUT
73 OJIHOWM TOYKH, SIBJISIONIEHCST KOHIIOM KaXKJIOTO U3 HUX.

Onpenenenune. Cucrema HelmepeKPHIBAIOIIMXCA OTPE3KOB — ITO TaKas CUCTEMA OTPE3KOB, JIFOObIE J[Ba OTPE3KA
KOTOPOI HENEePEKPBIBAIOIINAECS.

Onpenenenune. Pastuennem T oTpeska [a,b] HA3BIBAIOT KOHEUHYIO CHCTEMY HETIEPEKPBIBAIOIINXCS OTPE3KOB, 00be-
JIMHEHNEe KOTOPBIX PABHO [a,b].

Onpepesienne. Jlobas KOHeYHAs CHCTEMa HENEPEKPHIBAIOIIIXCS OTPE3KOB, JIEKAIUX B [a,b], Ha3bIBaeTCs MO/~
pasbuenueM oTpeska [a,b].

Onpenenenne. Orveuennbiv pastuenneM (nam pasbmennem Mak-Illefina) T orpeska [a,b] HA3BIBAIOT KOHETHBIH
Habop map (A;;&;), rme orpesku {A;} obpasyior pasbuenue orpeska [a,b], a Touknu §; sexkar Ha orpeske [a,b]. Ilpu
9TOM TOYKHM &; HA3BIBAIOTCsI OTMEUYEHHBIMHI TOUKAME, COOTBETCTBYIOIIUMI OTpe3KaM pasbuennst A;.

Onpepenenne. Pasounenne Max-Illeitna T={(A;;&;)} Ha3piBaeTcs pazbuenneM XeHCTOKa, €CIM BCe OTMEYECHHBIE
TOYKH JIEZKAT B CBOUX OTPE3KAX, TO €CTh JIsl Beex map (A;; ;) Bblonasercs ycuosue &; € A;.

Onpepesnienne. Ilycrs nano aucio § > 0. Byaem ropoputs, uro pasbuenne T ={(A;;&;)} orpeska [a,b] Mesnbue §,
ecan JyIMHA J060ro oTpeska A; ¢Tporo MeHblle §, Wid, 9T0 TO e camoe, max{|A;|} < 4.

Omnpenenenne. MacmraboMm Ha MHOXKeCTBe F Ha3bIBaeTCs J100asi CTPOro MOJOXKUTETbHAA DYHKINT Ha F.

Onpepnenenue. IIycrs §(x) — macmrab Ha [a,b]. Torga Gymem ropoputs, uro pasbuenne T={(A;; &;)} cormacosano
¢ macmrrabom §(x), ecm Bo Beex mapax (Ag; &) mveer Mecto Brmodenne A; C By (&)

ITycthb Teneph jeficTBUTEIbHO3HAYHAS MM KOMILIEKCHO3HaUHAsT (DYHKIWMsL f olpesiesieHa Ha oTpeske [a,b].

Onpepesienune. MHTerpainbHoit cymMMoit or f, coorBercrByomei ormedennoMy pasouennioo T={(A;;&;)} orpeska
[a,b], HABBIBaeTCS BBHIpasKeHME

a(f,T) :Zf(&)|ﬁi|~

Onpenenenne. Pyukuus f unrerpupyema Ha [a,b] B cMbicie Pumana u [ — ee uarerpasn Pumana, eciam s
moboro ¢ > 0 natinercs Takoe wuciao 6 >0, uro ma yoboro pazduenns T={(A;;§;)} Xemcroka orpeska [a,b] Menbue
d BeimonHsiercst onerka |o(f,T) — I| < e.

B stom caywae mumyT f € R[a,b] n

(R)/bfdx =1

Onpenenenune. Oynxims f unrerpupyema Ha [a,b] B cmbicsie Mak-Ieiina u I — ee unrerpan Max-I1leitna, ecan
st oboro € > 0 Haidiercst Takoit MmacmTab 6(x) Ha [a,b], uro juist mo6oro paséuenust T = {(A;;&;)} Mak-Ieiina
orpeska [a,b], cormacoBarHoro ¢ 0(z), Bomonnsiercst onerka |o(f, T) — I| < e.

B stom caywae mamyT f € M|a,b] n
b

(M) / fdo=T.
a
Onpenenenune. Pynknus [ naTerpupyema Ha [a,b] B embicsie Kypusetinsa — Xencroka n I — ee narerpan Kypiiseii-
J1s1 — XeHCTOKa, ecJiu Jist Jiroboro € > 0 Hafigercs Takoit maciiTad d(x) Ha [a,b], aro mis sroboro pasbuenns T={(A;; &)}
XeHncroka orpeska [a,b], cormacosannoro ¢ d(x), seimonnsiercst onenka |o(f,T) — I] < e.
B stom caywae mumyt f € H|a,b] n

(H)/bfdac:I.



1.2. Bbasbl Pumana, Mak-LLeinna n Kypugeina — XeHcToka.

Basa Puvana B ma orpeske [a,b] cocronT n3 MuOXKecTB Bjs, KaskK0€ U3 KOTOPHIX €CTh MHOMKECTBO BCEBO3MOMKHDIX
pasbuennit T={(A;; &)} Xencroka orpeska [a,b] menbue 4.

Baza Maxk-ITIeiina BM ma orpeske [a,b] cocTonT M3 MHOXKECTB Bs, KaxK10e U3 KOTOPBIX €CTh MHOYXKECTBO BCEBO3-
mozkubix pasbuenuit T={(A;;§;)} Mak-Ileiina orpeska [a,b], cornacoBanubix ¢ 0(z).

Basa Kypuseitaa — Xencroka B’ ma orpeske [a,b] cocTont n3 MHOMKeCTB Bs ), KazK10€ U3 KOTOPBIX €CTh MHOKECTBO
BceBo3MOXKHBIX pasonenuit T={(A;;§;)} Xencroka orpeska [a,b], corytacoBaHHbIX ¢ §(x).

Hecnoxkno mokazars, uro Muoxecrsa B, BM u BH jejicrBuTenbHO SBISIOTCH 6a3aMU, TO €CTh BBIIOJIHAIOTC
b b )
CJIETyIOTIe CBOMCTBa 6a3bl:

1. Hu omun ssteMmeHT 6a3bI HE SIBISETCS MYyCTHIM MHOXKECTBOM;
2. B mepecedennu Ji0OBIX ABYX 9JE€MEHTOB 0A3bl CONEPIKUTCS TPETHIA.

Bropoe cBoiicTBO IpoBepsieTcs 3JIEMEHTApHO: B IepecedeHnH 3JIEMEHTOB 0a3bl, 3aJJaHHBIX MEJKOCTAMHU 07 U 0o
(macmrabamu 01(z) u 62(x)), COIEPKUTCS JIEMEHT, 3aaHHbIH MeJIKOCThI0 min{dy, do} (COOTBETCTBEHHO, MACIITAGOM
min{d; (z),d2(x)}). Jasa uarerpana Pumana mepsoe cBOHCTBO TakKe OUEBH/HO: HafijleM 110 aKcnoMe ApX¥Meia Takoe
HATYPaJIbHOE YUCJO 7, ITO b_T“ < ¢ , u pazobbeM [a,b] HA N pABHBIX OTPE3KOB, BHIOUPAs IPOU3BOJILHO OTMEYEHHBIE
TOYKHN B HUX; TIOJTydeHHOe pasbuenne Oyner jexkarh B By € B, uem n nokaszano, uro Bs He mycto. II0CKOIbKY BO BCs-
KoM 3yiemenTe 6a3bl Maxk-Illeitna comepakuTcs sement 6a3bl Kyprieitis — XeHCTOKa, 3a/JaHHBIN TeM Ke MacIITaboM,
OCTAJIOCHh TOJIBKO JIOKA3aTh CJIEYIONIEE yTBEPK ICHHE:

JIemma. (o cymecrBoBanun pastuenmuii)

Hns moboro maciraba d(x) >0, 3agaHHOro Ha OTpesKe [a,b], HalizeTcs corylacoBaHHOe ¢ HUM pasbuenne XeHCTOKa
orpeska [a,b].

JokasaresbCTBO.

ITycrs myist HekoTOpOro MacmTaba §(2) He CYIMIECTBYET COMVIACOBAHHOTO ¢ HUM pa3bmeHnst orpeska [a,b] = I.

Pasznesium orpeszok I nomnosiam, u mycrb I — Ta ero moJOBUHA, JIJIg KOTOPOI He CyIIeCTBYeT pa3bueHusl, COrIacOBaH-
uoro ¢ 0(x). JelicTBurenbHo, ecin Obl Jijid KaXKIOH IIOJIOBUHBI CYIIECTBOBAJIO OTMEYEHHOEe pa3bueHue, COrIaCOBAHHOE
¢ §(z), To obbeauHeHNE pa3bMeHnil I0JIOBUHOK ObLIO Obl pasbueHneM Bcero orpeska Ii, COIIACOBAHHBIM ¢ (T), 4TO
[IPOTUBOPEYUT HAIIEMY ITPEIIOIOKEHUIO.

Pasznesium orpesok I nomnosiam, u mycrb I3 — Ta ero moJOBUHA, JIjig KOTOPOI He CyIIeCTByeT pa3bueHusl, COrIacOBaH-
uoro ¢ 0(x). JelicTBurenbHo, ecn Obl JjIs KaXKIOH IIOJIOBUHBI CYIIECTBOBAJIO OTMEYEHHOEe pa3OueHue, COrIACOBAHHOE
¢ 6(z), To obbeauHeHUEe pa3breHnil I0JIOBUHOK ObLIO Obl pasbueHneM Bcero orpeska o, cOrIacOBaHHBIM ¢ (T), 4TO
[IPOTUBOPEYUT HAIIEMY ITPEIIOIOKEHUIO.

Pasznemum orpesok I3 momonam, ¥ IMycThb Iy — Ta €ro HOJOBUHA, I KOTOPOIL He CYLIeCTBYeT pa3bHeHusi, COrIaco-
BaHHOIO ¢ §(Z) ...

HpO,ZLOJDKaH 9TOT IIPOIECC, IMOJYIUM IIOCJIEJOBATEJIbHOCTL BJIOZKEHHBIX OTPE3KOB
Lclhclgcl,C---,

MpUYIeM JITUHBI OTPE3KOB CTpeMsaTcsa K Hy/o. Ilycth & — obmas Touka Bcex OTPe3KOB. 1IOCKOMBbKY JITMHBI OTPE3-
KOB CTDPEMSITCS K HYJIIO, HafiJleTcst HaTypajbHOe IucyIo n, takoe, uro |I,| < §(§). Ho torma {(I,,&)} — ormeuennoe
pasbuenne orpeska I, COrIacOBaHHOE ¢ MACIITaboM 0(x), UTO IPOTUBOPEUUT BLIOODY I, .

Jlemma mokaszaHa.

Takum o6pa30M, CpaBHUBad OIIpe/ieJIeHUA NHTEIrPUPOBaHuA U IIPpeIesia 110 6&36, MOZKeM IiepenpaBUThb OIIpe/le/IeHne
HUHTErpupyemMocTu:

b

(®) [ e =limo(£.T),

a

b
(M) [ fdo = lim (1),

b
() [ o = limo (1),



1.3. lpocTeiilune cBoicTBa UHTErpanoB.

W3 stmx yTBepXKIaeHWi cpa3y CAeayioT HEKOTOphbIe IpocTeiimue cBoiicTBa mHTerpasioB Pumana, Max-IIleitna
u Kypuseitnsg — XeHcToka.

YrBepxkaenue 1. (0 B3aHMOCBSI3H HHTErDAJIOB)
Eciu dyukuua f€Ra,b] unu f€ Mla,b], ro f€Ha,b] u 3HaYeHUs HHTErPAJIOB COBIAIAIOT.

loka3aTesibCcTBO.
as unmeepana Pumana: Kaxaeril snemenT 6a3bl Pumana By cojep:kuT BHyTpu cebst 3jieMeHT O0a3bl Kypriseitsis —
Xencroka, 3a1aBaeMblil MacmraboM 6(x) = 0/2. Takum o0pa3oM, eciau HaiijierTcst 4ucjao 0, JjIs KOTOPOTO OIeHKA

BBITIOJIHEHA, TO HAMIETCH U MACIITal.
Llaa unmeepana Max-Illetinag: Beskoe pasbmenne XeHCTOKa sBiasgercs pasbmenmem Maxk-Illeitna, mosromy ecan
OITeHKa BBITIOTHSIETCS Jj1sT BceX pazouenuit Mak-I1leitHa, To, B 9acTHOCTH, U i pa3dbueHuii XeHCTOKA.

VY TBepKeHue JTO0KA3aHO.

3ameuvaHus.
IIpu nokazaTebCTBE 3TOr0 YTBEPXKIEHUsT MOXKHO CCHLIATHCS Ha COOTBETCTBYIOIIME TEOPEMBI O MPEJesax 1o basze.

Bcerga nosie3Ho HAIOMHATB, YTO B 9TOM Kypce He ObiBaer “pasbuennit Puvana” nnm “pasbuennit Kypiseitns — Xencroka”,
a 6b1BaroT TONBKO pa3buenns Maxk-IlleitHa n mx pa3sHOBUIHOCTHL — pa3buMeHMs XEHCTOKA.

YTBep:KIeHHEe O TOM, YTO U3 MHTerpupyeMoctu 1o Pumany cienyer maTerpupyemoctds 1o Maxk-Illeiiny, 6ymer noxa3aHo
MO3Hee, KaK CJIe/ICTBUE U3 Kpurepus Jlebera.

B nmanbreitimem 6ymemM cauTaTh, IYTO BCe HA CBETE MHTErPAJIbl IOHUMAIOTCS BCErO B TPEX CMBICJIAX, U BCE OHU II€peUnCIIe-
Hbl BbIe. [IpaBma, morom nosiBsarcs emte Tpu nHTerpasa Cruirbeca ¥ TpU HECOOCTBEHHBIX WHTErpaJia, W TOTJa HaJso Oymer
coobpaykaTh, 0 KAKUX TPEX CMBIC/IaX UJIET Pedb.

YrBepxkaenue 2. (o smHeliHoCTH 10 DYHKIINH)
Ecin dyukuusa f unrerpupyema Ha orpeske [a,b] B KakoM-mub0 CMbICse, TO s Ji060ro uncia A GyHKimsa A f
TOXKe MHTerpupyeMa Ha [a,b] B TOM 2Ke CMbICJIe, U BBIIOJIHSETCS PABEHCTBO

/b/\fdx:)\-/bfda:.

Eciu sipe dbyHKIun f u g nHTErpUpyeMsbl Ha [a,b] B OJIHOM 1 TOM Ke CMBbICIe, To DYHKIus f+ g TOXKe MHTerpupyeMa
Ha [a,b] B TOM Ke caMOM CMBbICJIe, U BBIIOJIHSAETCS DABEHCTBO

b b b

/(f+g)dx:/fdx+/gdx.

a a a

lokazaTesibCTBO.
OueBuuno, uTo s J106oro paszéuenus T orpe3ka [a,b] BBIIOJHAIOTCS PABEHCTBA

J()‘faT) :)\'J(f,']r),
o(f+9,T)=o(f,T)+0(g,T).

Teneps 1y1si MOKA3ATEIHCTBA YTBEPKIEHUsT JOCTATOYHO COCTATHCA Ha JIMHEHHOCTH 10 (hyHKIUU Ipesesa 1o Oasze.
To ecTp muTerpasbHas cymMma JuHeiHA 110 QYHKINH, a Ipeest o 6a3e JUHEEH 110 NHTErPAIbHON CyMMe.

VY TBepKaeHue JT0Ka3aHO.

YrBepxkaenue 3. (0 coxpaHeHHH HEDABEHCTB)
Ecinu f u g unarerpupyemsl ua [a,b], Bo3M0OxKHO, B pa3ubix cMmbiciax, u f(x) < g(z) miua Beex « € [a,b], To

b b
/ fdxr < / gdz.
a a
JlokazaTesbCTBO.

ITocKOIbKY M3 MHTErPUPYEeMOCTH B JIIOOOM CMBICJIE ClleflyeT nHTerpupyeMocTh o Kypuseitmo — XeHCTOKY ¢ TeM ke
3HAYEHHEM MHTErPaJia, MOXKHO CIUTATh, 9TO 00a HHTEerpaJa IMoOHNMaloTesa B cmbicie Kyprgeitns — Xencroka. O4esuiHo,
s Jioboro pasbuenus T Xencroka orpeska [a,b] Boimosmmsercs nepasencrso o(f, T) < o(g, T). Takum obpasom,
YTBEPKJEHUE CJIEyeT U3 COXPAHEHUs HEPABEHCTEA IIPH Nepexoie K npeseny no 6asze Kyprseiins — XeHncroka.

VTBepKaeHue JT0Ka3aHOo.



YrBepxkaenue 4. (kpurepuii Ko unrerpupyemocti)

Dyuknus f uHTErpEpyeMa Ha orpeske [a,b] B cMbiciie Pumana Torja un ToabKo Torja, Korja f onpenesnena Ha [a,b]
u jyid Jo6oro e > 0 Haiigercs takoe umcso ¢ > 0, uro misa mobbix apyx pasouennii T u T’ Xencroka orpeska [a,b]
mesbue ¢ Bomosagercs onenka |o(f, T) — o(f, T')| < e.

Dyukius f uarerpupyeMa Ha orpeske [a,b] B cmbicie Maxk-IIleitna Torma u ToIbKO TOrza, Koria f onpejejieHa Ha
[a,b] u pyis soboro e >0 Haiinercs takoi macmrab §(z) Ha [a,b], 410 mua m06bIx AByX pasbuenuit T u T Maxk-IITefina
orpeska [a,b], cornacoBanubx ¢ 0(x), Bomosnsiercst onerka |o(f,T) — o(f,T')| < e.

®Dynknust f wHTErpupyeMa Ha orpeske [a,b] B cmbicie Kypupeiins — XencToka Torja u TOJIBKO TOTJa, Korja f
oupesesiena Ha [a,b] u g soboro € >0 Haiigercs takoit Maciirab 6(x) Ha [a,b], uro muisa m06bIX AByX pasouenunii T
n T’ Xencroka orpeska [a,b], cornacoBanubix ¢ d(z), Bomonnsercs onenka |o(f,T) — o(f,T')| < e.

JloKa3aTeabCTBO.

VTBepxkIeHNe mpeacTaBiser coboit mepedopmymmpoBKy Kputepus Komm cymectBoBanus mpesena 1mo 6aze. Tak
9TO B Ka4eCcTBe J0KA3aTeIbCTBA HAIIOMHUM (GopMyIupoBKy: dYHKIuUA h uMeeT Ipezes mo 6a3e B Torga m TOJIHKO
TOTJIa, KOTia h ompeseseHa Ha HEKOTOPOM 3jeMeHTe 0a3bl 1

Ve>0dBe€®B: Vi, € B, Vi € B |h(t1) — h(t2)| <E.

VY TBepKeHue T0KA3aHO.

2. JanbHeiiwine cBOCTBA UHTErpanos.

2.1. NHTerpupyemMocTb Ha NoAOTpe3Kax.

Teopema 1. (06 HHTErPUPYEMOCTH Ha IIOJOTPE3KAX)

Eciu dyrkuus f naTerpupyeMa Ha orpeske [a,b] B KAKOM-100 CMBIC/Ie, TO f HHTErpUpYyeMa I Ha JII00OM II0I0TPE3Ke
[a',b] C [a,b] B TOM ke cMBICTE.

Jloka3aTeJabCTBO.

[TockoJIbKY 0 3HAYEHUHN UHTEIPAJIOB MBI HIYErO HE YTBEPKIAEM, MOXKHO BOCIIOJIH30BaThcsd KpurepreM Ko, Bo3b-
MeM Jiroboe € >0 u Haifiem Takoe yucio 0 >0 (a B ciaydae unrerpuposanus B cMbiciae Mak-ITleitna win Kyprseitasa —
Xencroka — macmrab §(x) Ha [a,b]), aTobBl mas 00X oTMeueHHBIX pasouenuit T u T’ Xencroka (Mak-Illeiina,
Xencroka) orpeska [a,b] Bomoassiiack oneska |o(f, T) — o(f,T')| < e.

Iycrs T u T/ — pas6uenust orpeska [a’,b'] Xencroka (Max-Illeiina, Xencroka) menbie § (cornacosanmbie ¢ 0(z)).

Eciu a # o/, To nyers T, — pastuenne Xencroka (Max-IIleitna, XeHncroka) orpeska [a,a’] measae ¢ (cormacoBanHoe
¢ 6(z)), B mporusHOM ciayuae T, = & .

Eciu b # V', To nyers Tj, — pasbuenune Xencroka (Mak-IIleitna, Xencroka) orpeska [b',b] Mesbie § (cormacoBanHoe
¢ 6(x)), B uporusHoM ciryuae Tp = & .

ITomoxum N
T=TuT, UT,,

T =T UT, UT,.
Torna, oueBuHO,

o(f,T) = o (£.T) + (£, Ta) + 0(£,Ts).
o(f,T) = o (£, T) + o(f,Ta) + o (£, o).

T u T — Toxe pasbuenns Xencroka (Max-Illeitna, Xencroka) orpeska [a,b] measae § (corsacoanubie ¢ 6(x)),
II09TOMY JIOKA3ATEJILCTBO 3aBEPIIAETCs IIPOCTO U SJIETAHTHO:

o (£.T) =0 (£T)| = lo(£.T) = o(/,T)| <.

Bee o(f,T,) un o(f,Ty) cokparuiuch. Mbl nokazasm, uro jyist n0bbix qByx pastuenuii T u T’ Xencroka (Mak-
IMeiina, Xencroka) orpeska [a',b'] Messde § (coriacoBaHHbBIX ¢ §(2)) BBILIOJIHSIETCS OLCHKA ‘U( £, 'H‘) - a( £, )’ <e.
Taxum 06pa30M, BBIOJIHEH KpuTepuii Komm.

Teopema gokaszaHa.



2.2. AAAVUTNBHOCTbL NO OTPE3KY.

Jlemma. (06 orpanudenHocTa uHTErpUpyeMbix 110 Puvany dyukimii)
Ecou dbyukuus f maTerpupyema Ha orpeske [a,b] B cmbicie Pumana, To f orpanmuena Ha [a,b].

Jloka3aTesibCcTBO.

Eciu vexkoTopasi GyHKIMS UMeeT IpeJiesl 0 HEKOTOPOoil 6a3e, TO OHA OrpaHHYEHA Ha HEKOTOPOM JIEMEHTE ITOMN
6a3bl. B manHOM citydae posib (DyHKIIMU UTDAET UHTErPaJibHAsl CyMMa, [IOITOMY TpeOyeTcsi MOKa3aTh, 9TO KaKoe Obl
qucao 0 >0 Mbl Hu BeIOpaJn, Beerya Hadinercs pazbuenue XeHCTOKA OTpe3Ka [a,b] Mesbue §, HHTerpajbHas CyMMa OT
KOTOPOTO TI0 MOJTY/IIO OOJIBITE JTIOO0T0 HATIEPE T 38 TaHHOTO INC/IA.

Heitcrurensno, nycts I = {A;} — pasbuenne [a,b], npuaem max{|A;|} < §. Torma HenpemeHnHo Hafinercs Ta-
Kol oTpe3oK Aj, Ha KOTOpoM QyHKIUA f HeorpanmueHa. 3adpurcupyeM Kaxkue-HHOyab Touxu & € A; mpu i # j,
U MPEJICTABUM WHTETPAJIBHYIO CYMMY B BUJIE

F(&G) 18,1+ E f(&) 1A,
i#£]
rae Touky &; € A; Mbl eme He BbiOpasnu. Temeps, mockonbky ¢yHknus f Heorpaxutdena Ha [a,b], a |A;| # 0 mo
OIIpeJIeJIEHNIO, HHTErPaIbHasi CyMMa OKa3bIBAETCsl HEOIDAHUYEHHOM JaKe KaK (DYHKIMs OT OAHON ToUKE & € A, 4TO
U IPUBOJAUT HAC K MPOTUBOPEYUNIO ¢ HHTETpUPYyeMOCThbio (pyHKIMK f 1o Pumamny.

JlemMma mokaszaHa.

3ameuaHus.

1. BmecTo cBoiicTBa OrpaHUYEHHOCTH MOXKHO CChLIAThCs Ha Oojiee cuiabHOe cBOiicTBO — Kpurepuit Kommm: Mbl Halm asa
pa3bueHusi MeJjibde §, KOTOPBIE OTJINYAIOTCS HA CKOJIb YTOIHO OOJIBIIYIO BEJTUIUHY.

2. B nokasaresbCTBe CyNIIeCTBEHHO MCIOJIb30BAJICS TOT (DAKT, YTO MHTEIPUPYEMOCTh TOHNMAETCS B CMbIC/Ie PuMana, a nMeH-
HO, B TOT MOMEHT, KOTJIJa Mbl IIPOU3BOJILHO BbIOMpasn Touky &; € Aj;. C npyruMu uHTerpajaMy TaKoil IpHeM He IIPOXOJIUT,
IMOCKOJIbKY, HAIpuMep, MacmTab MoxKeT ObITh BbIOpAH Tak, YTO €CTh BCETO OJHA TOYKA, KOTOPasi MOXKET ObITh OTMeYeHa JIJIst
9TOro oTpe3ka (B OCTAJBHBIX TOIKAX MACIITA0 MOXKET OBITh TAKHUM, 9TO OTPE30K MPOCTO HE yMECTHTCA B OKPECTHOCTH). [Ipm
9TOM MOXKHO OpuBecTH IpuMep dbyHKImn, narerpupyemoii no Max-leiiny (u, cienosarensro, mo Kypiseiimo — XeHCTOKY ), HO
HEOIPAHWYEHHON Ha JIFOOOM MHTEpBAJIE.

3. Illpumep dbyuknun Iupuxie D(zr) = xo(x) MOKa3BIBAET, YTO OrPAHMYIEHHOCTH HE SABJISCTCA JOCTATOIHBIM YCJIOBHEM
uHTErpupyemoctu mo Pumany. MoxKHO puBecTr IpuUMeEpHI OTPAHUYEHHBIX (DYHKITNI, HEMHTEIPUPYEMbIX fazke mo Kyprseitao —
XeHCTOKY, HO [IJIsE 9TOr0 MOTPeOYIOTCs 6oJiee TPOIBUHYTHIE CBOMCTBA MHTETPAJIOB U, BOOOIIE TOBOPs, AaKCHOMa BBIOODA.

Teopema 2. (06 amUTHBHOCTH HHTEIDAJIOB IO OTPE3KY)
Ecou dyukuns f uaTerpmpyema Ha oTpeskax [a,b] u [b,c] B OMHOM M3 Tpex CMBICJIOB, TO f WHTeTpEpyeMa W Ha
OTpe3Ke [a,c] B TOM Ke CMBICJIE U BBITIOJIHSIETCSI PABEHCTBO

c b c
a/fdac:a/fdx—i-b/fdx.

loka3aTesibCcTBO.
Bgenem obosnauenus:

b c
/fdxz[l u /fda::Ig.
a b

Bynem mokaszbiBaTh Teopemy OTAEIbHO st nHTerpaga Pumana u otaenbHo s naTerpajgoB Mak-Illeitna u Kyprr-
Beilisg — XeHCToKa.

Zlrs unwmeepana Pumana:

BosbMméMm mro6oe € > 0 u mogbepeM Takue MOJIOKUATETbHBIE YUCIa, d1 U J, ITOOBI 17151 J1I060r0 pasdouenus Ti XeHCcToKa
oTpeska [a,b] Mesbue §1 BemonHsnack onerka |o(f, T1) — 11| < § u maa moboro pasbuenus Ty Xencroka orpeska [b,c]
Mestbue g BhinonnsAnack onenka |o(f, Te) — Iz < §. Benomunas TOMbKO 9TO JOKA3AHHYIO JIEMMY, OOHAPYKHBAEM, UTO
dbyuxmus f orpanwuena Ha [a,b] u [b,c], u, ciemosarensHo, Ha [a,c]. [losToMmy MOKeM B3ATH Takoe 1uucyo 6 > 0, 1ro
BBINIOJTHAIOTCA CPa3y TPH YCJIOBUSI:

§ < 0y, § < 8o, (1)
&
§-sup|f] < 7 (2)
la,c]

ITycers T={(A;;&;)} — nroboe pasbuenne XeHCTOKa oTpeska [a,c] measde 0. Pacemorpum jiBa ciydast.



Ilepsbrit ciayuqaii: Touka b He sBJIsIeTCS BHYTPEHHEN TOYKOM HU OIHOrO U3 oTpe3KoB A;. B arom ciaydae pazbuenue
T pacmagaercsa B o6beanHeHne Hemepecekatommxces MaoKecTB: T = T L To, rme

Ty = {(Ai&) € T: Ay Cabl},

TQ = {(AZ,&) eT: Az g [b,C]} .

31ech 09€BUIHO, 9TO
U(fu T) = U(f7T1) + U(fa T2) )

npuueM T u Ty — Toxke pasbuenust XeHCTOKa OTPe3KOB [a,b] u [b,c] Membue §, u, cieoBaTeIbHO, MeIBIE §1 U Oa.
TTosToMy MOXKHO, IpHMeHsIst ONeHKY |z + y| < |z| + |y| u yenosus (1), yrBepKaars, 9ro

S 9

€
0(£,T) = (1 + B)| < Jo(f,Ta) = Il + |o(f,T2) = Bl < =+ 5 = 5.
Bropoti ciryqaii: Totuxa b sBisiercs BHyTpeHHelt Toukoit orpeska A; pagbuennst T. Ilycts A;=[u,v]. Torma 3amernm
napy (Aj;&;) neymst mapamu ([u,b];b) u ([b,v];b). Homyunres: nHooe pasbuenne T’ Xencroka orpeska [a,c] Mesbde 6.

IIpu sToM mHTErpasibHast CyMMa U3MEHHTCA HA BEJIMYUHY
(£, T) = o (£, T)| = [£(§) (0 = u) = fO)(b —u) = f(O)(v = )| = [£(&)(v —u) = f(B) (v — u)| =

€
= £(&) = FO)(v —u) < 2sup |f] (v — u) < 2sup | f] < 5.
lac] [ac]
Ho teneps MBI m06mmuch Toro, aro pasbmenue T’ mMmeeT BHJ, pAaCCMOTPEHHBIA B IMEPBOM CJIydae, W CCHLIASCH HA
IPOBE/ICHHBIE BBIIIE PAacCyxaeHus, yreepxaaeM, uto |o(f, T') — (I + I)| < §. Ocranoch TOJIBKO 3aMETHTH, 4TO

e €
lo(f,T) = (L + L) < [o(f,T) =o(f, T)| +[o(f, T) = (h + )| < 5+ 5 ==
TakumM 00pa3oM, 3aKaHIUBAsA PACCMOTDEHUE CIy9aeB, Mbl JOKa3aJM, 9TO JIJIst JII0OOro € > (0 HAIIOCh TAKOe YHCIIO
0 >0, aro jyra moboro pasbuennst T Xencroka orpeska [a,c] Mesbde § Beinonasiercs onenka |o(f,T) — (I1 + I2)| < &,
9TO U TPebOBAIOCh TOKA3AThH.

ZLra unmeepanos Max-Illeting v Kypueetias — Xencmoxa:

Bozbmém smoboe € > 0 u mogdepeM Takue MactTadbl 01 () u d2(x) Ha [a,b] u [b,c] cooTBeTCTBEHHO, YTOOBI JIs JTIOHOTO
pasbuenus T; Max-ITleitna (Xencroka) orpeska [a,b], cornmacosanuoro ¢ d1(x), Beinosnsiacs oneka |o(f,T1) — I1] <
S u s moGoro pazouenus To Max-Illeiina (Xencroka) orpeska [b,c], cornacoBannoro ¢ 0a(x), BBIIOIHANACH ONCHKA

lo(f,T2) — I>| < §. Teneps onpemenum macmTad 6(z) Ha [a,c| caeayionmmM o6pasoM:

min{dé1(z),b—=x}, z€Ja,b);
d(z) = < min{dy(z),d2(x)}, =x=1¥;
min{ds(z) ,x — b}, z € (b,c].

DTHM MBI JOOUIIUCE TOTO, YTO ecju, Hanpumep, §; € [a,b), To nenpemenno A; C By, (&) C [a,b), ananornano s
(b, c]. To ecThb ecay KaKOH-TO OTPE30K OTMEUEHHOTO pa3OUeHMsl, COMJIACOBAHHOIO € MACIITaboM d(x), CONEPKUT TOUKY
b, To oHa u Gyuer ero orMedeHHo Toukoil. Paccmorpum Jiroboe pasbuenne T = {(A;;¢;)} Max-Ileitna (Xencroka)
orpeska [a,c], cormacoBanHoe ¢ MacitaboM d(z). CHOBa BOBHUKAIOT JIBA CIIydasi.

Iepsbrii cay4qaii: Touka b He siBJIsIeTCsl BHYTPEHHEH TOYKON HU OJIHOTO U3 OTPE3KOB A;. DTOT cjiydaii pazbupaercs
AHAJIOTUYIHO TMEPBOMY CJIydalo jiuisd naTerpaiga Pumana. Pazouenune T pacnamaercs B 00beIuHEHIE HEIEPECEKAIOITUXCS
maOo)kecTB: T = Ty U Ty, rme

Ty = {(A;&) € T: A; Clab]},

Ty = {(Al,fz) eT:A; C [b,C]} .

Paszbuenns Ty u Ty u Teneps siBiIsioTCs pasbreHusiMu 0Tpe3KoB [a,b] u [b,c] Mak-Ileitna (XeHcToka), coracoBaH-
HbIME ¢ MacinTaboM §(x), u, cregoBaTebHo, ¢ MacmTabamu 01(x) u dz(x). MajieHbKas TOHKOCTD: B CJIydae HHTErpaJa
Max-IIlefina TOUKH IO ONPEJIECHAIO He 00sI3aHbI JIEZKATD B CBOUX OTPE3KAX, W IOITOMY, HATPUMED, OTMEYEHHBIE TOUKH
OLIPEJICJICHHOIO TaKuM 06pas3oM pasbuenus T; Moriau 6bl BBICKOYUTD 33 0TPE30K [a,b]. Ho MbI crienmasibao nmogobpasin
MacmTab TakuM 06pasoM, ITOOBI 3TOr0 OBITH He MOTJIO. 1109TOMY MOYKHO, CHOBA NIPUMEHsIST ONeHKY |z + y| < |z| + |y|,
CMEJIO YTBEPXKIATh, UTO

o(f.T) = (I + B <o (£, T) ~ D] +10(f.T) ~ Bl < 5 +5 =<



Bropoti ciaydaii: Ecan Touka b sBigeTcs BHyTpeHHeH TOUKOM, Hampumep, oTpe3ka A; = [u,v], TO, KAK MBI yKe
samermn, pasbuemnne T comepxxut mapy (Aj;b). To ects Touka b saBigeTcs orMetennoit Toukoit orpeska A ;. ITosromy
ecsir Mbl 3ameHnM mapy (Aj; b) asyms mapamu ([u,b]; b) u ([b,v]; b), o6o3Hauus HoBoE pastuenue depes T, To nnTErpab-
Hasl CyMMa BOOOITE HEe U3MEHUTCS:

FO)(w —u) = f(O)(b—u)+ f(b)(v—1b).
A pas6uenne T’ y»Ke pacCMOTPEHO B IEPBOM CJIydae, IO3TOMY
o(f,T) = (L + )| = |o(f,T) = (L + I2)| <e.

Taxum obpa3oM, 3aKaHIUBasl PACCMOTPEHUE CJIYYaEB, MBI JIOKA3aJIM, UTO JJis JII000ro € > () HAIIOCh TaKOil MacIiTad
d(z) > 0 Ha [a,c]|, uro ams soboro pasbuenns: T Max-Ileitna (Xencroka) orpeska [a,c], cormacoBanHoro ¢ 6(x),
soinosastercs oneka |o(f, T) — (I1 + I2)| < &, uTo u TpeboBaIOCh JOKA3ATh.

TeopeMa JAOKa3aHa.

2.3. ®Popmyna HblotoHa — JleiibHuua.

Teopema 3. (¢popmyaa Hporona — JletiGuura)

IMycrs dbyukuus f ounpemenena Ha orpeske [a,b], dyuxknus F menpepoiBHa Ha [a,b], u F'(z) = f(z) Bciogy na
[a,b], kpome, GbITH MOKeT, He HoJiee YeM CYETHOIO MHOXKECTBa TOYeK (B TOYKax KoToporo dbyHkims F' jubo He umeer
KOHEYHON [IPOM3BOIHOI, 160 MMeeT KOHEYHYIO Ipou3BoHyIo, ommunyo or f(x)). Torna dyukuus f unrerpupyema
Ha orpeske [a,b] mo Kyprgeilno — XeHCTOKY U BBILOIHSAETCS PABEHCTBO

b
() / fdx = F(b) - F(a) = F(la,b]).

Jloka3aTeabCcTBO.

Bosbmem sioboe quciio € > 0. Ilycts E — ynoMmsiHyTOe B yCJIOBUU “UCKJIIOYUATEIHHOE  MHOXKECTBO TOYEK, IJie He
BBINIOJIHsIETCsT paBeHCTBO F' (1) = f(z). Pa3 yx oHO He Gosiee ueM cYeTHOe, 3aHyMepyeM €ro HATYPAJbHBIMU UNCIAMU:
E = {z;}, i € N. Hauunaem crpours macumrab d(z) Ha [a,b]. B Toukax mHoxkectBa E BbIGEpeM 0(z;) Tak, 4ToObI
BBITTOJTHSIIUCH CJICJIYIONINE JIBA YCIOBUS:

F(Bs(e,(xi) N [ab]) € B_z (F(x:)), (1)
@)l 8w < 55 2)

ITepBoe ycsioBre BBILOJHUMO, ITOCKOJIBKY dyHKIus F HenpepwiBHa Ha [a,b] mo [a,b] (HanomuuM, uTo depes p(X)
oboznauaercs obpa3 muoxkecrsa X 1pu orobpaxkenuu ). Eciu xe x € E, 1o Boibepem §(z) Tax, 9robbl s 106010
qmrcra Az, IO MOJYITIO MEHBINEro (), BBIMOIHSIACH OIEHKA

- |Ax|
F(x+ Az) — F(z) — f(z) Azx| < ——. 3
[Plat &) = F(@) - fla)-Aa] < 5520 Q

D10 JOCTUKUMO TOTOMY, 9TO B Touke 2 dbyukima F muddepennupyema u F'(x) = f(z), orkyna ciemyer, 4ro
BBIpazkeHue 1o MoxayseM ectb o(|Az|). Bee, macmrab nocrpoen. Bosemenm moboe pazduenune T={(A;;¢;)} Xencroka
orpeska [a,b], coriacoBaHHOE ¢ BHOBDb IIOCTPOEHHBIM MacITaboM &(x), 1 HAYMHAEM OIEHMBATH MHTEIPAJILHYIO CYMMY.
Hamomunwm, aro F([u,v]) osnagaer F(v) — F(u). OueBnnno, uro F([a,b]) =Y F(A;), nostomy

i

o (f,T) = Fla b)) = | D_(F(&) 1A = F(A))| < D0 1FE) AL = FA) + Y [f(&) 1Al = F(A)].

i &eER &ER\E

OrneHuBaeM OTIEIBHO 00€ CYyMMBI.
Ileppas cymma, tae & € E, 1pn cieslaHHBIX IPEIIOIOKEHUAX OIEHUBAETCH O4eHb I'Py6o. A MMeHHO, ecin & = T,
A;=]u,v], To npu nomormu yemosnii (1) u (2) Kaskmoe ciaaraeMoe MOYKHO OIEHUTD TaK:

()18 = FA)] < 1F() = F@l + f(E) IA] < 2+ o5 + 5707 = g

3/ech IepBbIil MOJIyJIb OIEHNBACTCS epBoii onenkoil (u F'(u), u F(v) mex)ar B 555 — OKPECTHOCTH OJIHOTO U TOTO
JKe TIHCJIa), & BTOPOil MOIY/Ib — BTOPOil OImeHKOH (mOCKOIbKY |A;| < d(z;)). Takum obpasom, Bea mepsas cyMMa He

IPEBBIMIACT CyMMBI apupMeTHIECKOil MIPOrPecct y | 5t < 5-
J



Bropast cymma: Toxxe cantaeM, 94to A; = [u,v], ¥ 1pu 3TOM HaM moHagobuTces Tor dakt, uro u < &; < v (obpaTure
BHUMaHHe Ha TO, 4To Jiyist nHTerpasa Mak-IIleitna sTo npennosnoxkenue 66110 661 HeBepHbIM!) Temepb MOXKHO Kazk10€
cJraraeMoe OIEHHUTD IIPH MOMOIINY ycIoBust (3):

el—u)  e(v—&)  e|A
|f(&) 1Al = F(A) < |f(&)(& — u) = F([w&D] + [ (&) (v — &) — F([&v])] < 2(b—a) + 2—a)  2(b—a)

U torma BCio BTOPYIO CyMMy MOYKHO OIEHUTH BEJIUINHON
> el
—2(b-a) 2

B wmrore nomywaem uro |o(f,T) — F([a,b])] < §+ § = € To ects ana moboro € > 0 mamescsa Taxoil MacmrTabd
§(z) ma [a,b], ato st moboro pasbuenust T XeHcToKa OTpesKa [a,b], COTITACOBAHHOTO ¢ 3THM MACIITAbOM, BBITIOJHEHA

COOTBETCTBYIOIIas OII€HKA.

TeopeMa JAOKa3aHa.

CaencrBue 1.
Econ f maTerpupyema Ha orpeske [a,b] B mo6oM u3 cmbicioB, F — o6o6mennas nepsoobpasHas f Ha [a,b], To

b
/fd:r: F(b) — F(a).

B srom orpanumuennom cmbicie dopmyina Herorona — Jleitbauna BuimosiHsieTCd [IUisi mHTErpajoB Pumana n Maxk-
MTeitna. st Hux u3 CyIECTBOBAHUS [I€PBOOOPA3HOI HE 00A3ATEIBLHO CJIEyeT HHTEIPUPYEMOCTh. Y TBEPXK/IeHNEe Ode-
BHUIHBIM 00Pa30M CJIe/IyeT M3 B3aMMOCBSA3U TPEX HAIINX HHTEPAJIOB.

CiaencrBue 2.

Eciu dynxipn F) n F, HenpepbIBHBI Ha IPOMeXKyTKe I, a KoHeuHble npon3Boanble F| u F} paBHBI Beomy Ha I,
KpOMe He (oJiee IeM CUEeTHOIO MHOXKECTBa TOUeK (T7ie XOTs Obl OJIHA M3 IPOU3BOJHBIX He CYIIECTBYeT Wi GeCKOHEUHA,
Jiubo 06€ CyIIEeCTBYIOT U KOHEYHbBI, HO He paBHbI), To dbyukima F| — Fy nocrosana ua I.

loka3aTesibCcTBO.

HamomawmM, 9T0 mMpoMeXKyTOK — 9TO TaKOe HOIMHOXKEeCTBO R, KOTOpoe BMmecTe ¢ JIFOOBIMU JIBYMs TOYKAMU ¢ U b
COJIEP’KUT BeCh OTPe30K [a,b]. ITockombky u Fy, u Fy coitnyT 3a F B dopmyne Hororona — JlefiGHuma s, cKaskeM,
F}|, To mysa mo6bix aByX Todek a u b mpomexxyrka I, a > b (eciu IpoMexRKyTOK — IyCTOH WM OJHOTOYEYHBIH, TO
YTBEDXKJIEHUE OUEBHJIHO), [OJLyIaeM BbIPAsKEeHUsI

b

b
(H)/F{ d = Fy(b) — Fa(a).

ITpupaBHSIB IpaBble YACTH U EPEKMHYB APy CJIAraeMbIX TYA-CIOJa, BUIUM, 9T0 Fy (22)—Fa(x2) = Fy(x1)—Fa(21),
YTO U TPeGOBAIOCH YBUIETD.

CuaencrBue JoKa3aHO.
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3. BHewHsasa mepa Jlebera n kputepuii Jlebera.

3.1. OnpepgeneHve n cBOWCTBA BHELLUHEN Mepbl.

Ounpenesnenune. [Tycrs nano muoxecrso E C R. Toryma Bepxusas (oHa ke BHerHss) Mepa Jlebera p*E MHOXKeCTBa
FE ecTb TOUYHAS HUXKHSS IPAHb CyMM JJIUH He 00Jiee YeM CUETHBIX CHCTEM MHTEPBAJIOB, MOKPBHIBAIOIINX MHOXKECTBO F:

Onpenenenue. MuoxecTBo, BHemHsst Mepa Jlebera KOTOpPOro paBHa HYJIIO, HA3BIBAETCS MHOXKECTBOM MEPBI HYJIb
o Jlebery.

Y TBepKaAeHUS.

1. Buemmnsia mepa Jlebera jmoboro MHOKECTBA CYIIECTBYET U 3aKJ09eHa B IpoMexkyTke [0,400].
2. B omnpesesenun Brernineit Mepol Jlebera MOXKHO pa3pennTb OECKOHEUHbIE HHTEPBAJIbI.

3. Ilycroe n oHOTOUEYHOE MHOXKECTBO €CTh MHOXKECTBa MephI HyJIb 110 Jlebery.
JokazaresbcTBa.

1. Camo mHOXKeCTBO R MOXKHO MOKDBITH cucremoii uurepsasos {(i — 1,4+ 2)},i € Z. Droii ke cucreMoil MOXKHO
MOKPBITHL 1 JiIoboe moamuokecTBo 2 C R. Takum 0b6pa3om, MHOXKECTBO CHUCTEM WHTEPBAJIOB, MOKPBIBAOIMMX F, He
[yCTO, U, 3HAYUT, MHOXKeCTBO G CR cyMM JJTMH WHTEPBAJIOB TAKUX CUCTEM HE IIyCTO U OrpaHWYeHO cHu3dy Hysewm. ITo-
9TOMY IO PUHITUILY TOJHOTEI Befteprnrpacca MHOXKecTBO G UMeeT TOUHYIO HUXKHIOIO TPaHb, KOTOPAst [0 OIIPE/IETIEHUIO
u Oyzer BHemrHeil Mepoit Jlebera muoxkectBa E. IlockonbKy HOJb sBJIsIeTCS HUXKHEH I'DAHbI0 MHOXKecTBa (G, TOUHAs
HUKHSA Tpaib G He MOXKeT OBITh MEHbIIE HYJIs.

2. fdcHo, 9TO OT BBejleHNsI OECKOHEYHBIX MHTEPBAJIOB MEpa HUKAKOI'O MHOYKECTBA HE YMEHBIIUTCSI — BE/Ib, IIOKPHIBAS
MHOXKECTBO 6ECKOHEUHBIMYU UHTEPBAJIAMHU, Mbl HUKAK He IIOJIyYUM Mepy MeHbIe, 4eM Oblia (6eCKOHEYHOCTh He MEHbIIe
HUKAKOr0 4mcja). B TO Ke BpeMsl Mepa He MOXKET YBeJIMIUTCH, II0TOMY YTO HUKTO HE 3aCTaBJisiel UCIOJIb30BATh
OecKOHeYHbIE WHTEPBAJIbI, €CJU U 06€3 HUX XOPOIIO.

3. IlycToe MHOXKeCTBO MOYKHO TOKPBITb, HAIPUMED, IIYCTONH CHUCTEMOU WHTEPBAJIOB, & TOUKYy — €€ OKPECTHOCTBIO
paJuyca MEHBIIIE €.

VTBepKAeHUd JTOKA3aHbI.

YTBepKaeHUe.
Ecisn B onpesieiennn BHenHeit MepsI Jlebera 3aMeHUTH HHTEPBAJIBI OTPE3KAMIE, TO [TOJIY9UTCsT SKBUBAJIEHTHOE OIIpe-
JeeHue.

loka3zaTeyibCTBO.
O6o3Ha4nM Mepy IO OTpe3KaM dYepe3 (5, a Mepy 1o uHTepBasaM — depe3 p. Ilycte E C R. Tpebyerca nokasars
JIBE BEIII.

1. p*E < pfE. HeiicrBurenso, mycts {4}, i € N — mobas cucrema nHTepBaIoB, nokpbiBaonmx E. Toraa, 106asus
K KasKJIOMy HHTEPBaJLy €ro KOHIIBI, IOy YnM cucreMy oTpe3kos {£ }, i € N, nokpeisatonux F. Takum o6pa3oM, 0Tpes3Ku
HAYYTh HE Xy>Ke HHTEPBAJIOB.

2. wiE < piE. BospmeM jmoboe € > 0. Ilycrs {Z}, i1 € N — miobas cucrema orpe3kos, nmokpsiBaoux E. Torma
nocTponM cucremy untepsaios {4}, i € N, rae §; C 4 mis seex i € N u npu stom |4 < |Z| + 5. Torza cucrema {4},

i € N nokpbeiBaer F, u ipu 3TOM
_ £ _
RS 6]+ 57 ) < > |G| +e.
i i i
B cuty npousBosibHOCTH € > (), 11epexo/s K TOYHBIM HIDKHUM TI'PaHsIM, II0JIyYaeM, 9TO Mepa II0 UHTepBaJiaM Oyer
HE MEHBIIE MePbI II0 OTPE3KAM.

YTBepKaeHnEe JTOKAa3aHOo.
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YTBepKaeHUue.
Eciu {E;}, i € N — ne Gosnee uem cuerHas cucrema MuoxecTB, F = |J E;, To p*'E < > p*E;.

i i
lokazaTesibCTBO.
Bozbmewm sroboe € >0, u mycTs a1 Beex ¢ € N BeiOpana mokpsiBaonias F; cucremMa nHTEPBAJIOB {6}}, TaKas, 9To

7 * €
;|@|<#Ei+§-

Torma COBOKYIMHOCTH BCEX MHTEPBAJIOB {6}}, 7 € N, i € N nokpoiBaer E, u npu sTom
Sl < Xl < S(wrce 5) < Twiee
(2% i

Verpemisst € K HYJIIO, IoJiydaeM TpebyeMoe yTBepKaeHue. B 91oi BhIKIIaIKe IepBoe HEPaBEeHCTBO TPEOYET OT/Ie/ b
HOTO PacCMOTpEHUsi: TpeOyeTcsi MOKa3aTh, 9TO OECKOHEYHAas CyMMa JefICTBUTEHLHO HE 3aBUCUT CJIUIIKOM CHJIBHO OT
MIOPSA/IKA CyMMHUPOBAHUsI, TO €CTh MBI B 9TOT MOMEHT yTBEP2K/IaeM, ITO CyMMa IPHU JIFOOOM MOPsiJIKE CyMMHUPOBAHUS HE
[IPEBBINIAET HAINCAHHYIO cripaBa. JleificTBUTENBHO, s 10001 KOHEYHONW CYMMBI MOXKHO IIPOJEIATh TaKyl0 (DOpMasib-

RPN <ETel

k=1 i<max{i(k )} i
Jj<max{j(k)}

HYIO BBIKJIAJKY:

Taxum 06pa3oM, HEPABEHCTBO COXPAHUTCH U JJIst OECKOHEYHOI CYMMBI KaK IIpejiesia KOHeYHbIX cyMM. Korma-audy/ b
MBI CMOXKEM CCBLIAThCs Ha Teopemy Kormm o nmepecraHoBKe 1I€HOB abCOTIOTHO CXOJISINETOCs Psijia, KOTOpasl yTBEpK/Ia-
€T, YTO Ha CaMOM JIeJIe 9TU CYMMBbI PABHBI, HO II0OKa JIOCTATOYHO OoJiee c1aboro yTBEPKI€HUsI.

yTBep)K,Z[eHI/Ie AOKa3aHO.

YTBep>KaeHUS.

1. Econ EC F CR, to p*'E < p*F. B wactHocth, ecu p'F =0, To u u*E = 0.

2. Eciiu {E;}, i € N — ne Gosee yeMm cueTHas cucrema IHOIMHOXKeCTB R, Bece F; umeror mepy uynb, u E C | J E;, o
w'E =0. z

3. He 6osee uem cuerHble MHOXKECTBA UMEIOT Mepy HyJIb 1m0 Jlebery.

JlokazaTesbcTBa.
1. MuoxxectBo E comep:kutcst B 00beuHeHnn He 0ojiee YeM CIETHON CHCTEeMBI MHOXKECTB, COCTOSIIEH U3 OIHOTO
muOokecTBa {F'}, mostomy p*E < p*F. B wacrtrocrn, ecin p*F = 0, o 0 < p*E < p*F = 0.

2.0< wE < Z,u* i = 0.
3. Ecim E = {ei} CR, 10 E=Je;.
VTBepKAEHNS NOKA3AHBL.

Onpenenenune. Eciin Kakoe-TO CBOMCTBO BBIMOJHSETCs i Bcex Todek MHOxkectBa F C R, KpoMme HEKOTOPOro
mommuoXkectBa F' C E, u npu stom p*F = 0, To OyzeM roBOpUTH, 9TO ITO CBOMCTBO BBIMOJIHSETCH OYTH BCIOy Ha F.

3.2. JocTtaTto4Hoe ycnoBue MHTErpuMpyemMocCTH.

Jlemma.
Ecmn {A;};_, — pas6uenne orpeska [a,b], orpesok [¢,d] C [a,b], To HeBBIPOXKAEHHBIE OTpE3KH [¢,d | N A; 06pasyroT

pasbuenue otpeska [c,d], n cymma ux mmH paBHA d — C.
loka3zaTeyibCTBO.
Mycrs A; = [aj—1,a;), tme i =1,...,n, 1
a=aqy<ar<ay <---<ap,=>.

Torma maiimyrcsa takue uymcaa k m [, 910 a1 < ¢ < ap u a1 < d < a;. B aTom caydae HEBBIPOXK IEHHBIMU

orpe3kaMu OyIyT (TOJIBKO) OTPE3KH
[C7ak] 7Ak+17 ey Al717 [alfl7d] .

Onn obpasyror pasbuenne [¢,d ], u cymma nux JymH pasHa (a; — ¢) +(ag11 —ag) + -+ +(d—ai—1) =d —c.

JlemMma mokaszaHa.
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Teopema 1. (gocrarodHoe ycjaoBHe HHTErDUPYEMOCTH)
Eciu f orpanuvena na orpeske [a,b] u HenpepbiBHa 104TH BCioay Ha [a,b], To f unrerpupyema na [a,b] no Pumany
u Max-Ilejiny (u, ciemoBaresnsro, no Kypuseiuio — XeHcToky).

loka3zaTeyibCTBO.
Bosbmen Jiroboe € >0. Haitiem He Gosiee yeM cueTHyIo cucreMy nHTepBasoB {4}, i € N, IOKPBIBAOILYIO BCE TOYKH

paspbiBa QyHKIUN f, TAaKyIO, ITO
E 4] < (1)
8 - sup |f I

[a,b]
31eCh MBI BOCIIOJIB30BAJICH OTPAHMIEHHOCTRIO hyHKImHA f. A st m060it Toukn otpeska [a,b], B KoTopoit dhyHKImsT
f HempepbiBHA, HalieMm Takoe aucao y(z), ITOGBI

F(Baoa)(@)) € B e (f(2)) (2)

Taxum o6pasom, BeIGpaHa cucreMa uHTEpBasos {4 } U{B,Y(z) (x) }, HOKPBIBaoIas 0Tpe3okK [a,b]. ITo reopeme Teiine —
Bopesst MOxKHO BBIGPATH KOHETHOE TIOZMOKPBITHE OTPE3Ka [a,b], cocTosmee, HAIPIMED, U3 TAKUX MHTEPBAJIOB:

fil,...,éip, Bv(ﬂh)('xl)7"'7B’Y(9:q)(xq)'

CHOBa TOJIB3YSICh OIPAHNIEHHOCTHIO (hyHKIMU f, BbIOepeM dnciio d >0 Tak, YTOOBI BBIIOJIHSIIACH JIBA YCIOBHUS:

3)

)
2p6< )
8 -sup |f|

[a,b]

0 < min {y(w)}. (4)

NN
A Bor renepn nposepum kpurepuit Komm. Iycrs T = {(A;;&)} u T/ = {(A;,{é)} — nBa pa30umeHns XeHCTOKa
(Mak-IIleitna) orpeska [a,b] Mesbde ¢ (cormacoBamnble ¢ MaciTaboM d(x) = J). Tora, HOIB3yACH JIEMMOIH, TPOU3BOIIM
CJIELYIOILYIO OLIEHKY:

(£, T) = o (£, T)] = Zf &) |A|—Zf Va5l = Do fe) Do 1ain A =3 A (&) Yo 1Ain Al =

= 2300~ 1) 18 a5l < 331560 () 180 45

Pazobpem BOiiHYyI0 CyMMy Ha JIB€ 9aCTU IO IPHHAJIEXKHOCTH TOYKHU &; K CHCTEME UHTEPBAJIOB ¥ , . .. ,&-p. Torna
Ta YacTh CyMMBI, rjie &; JeXUT B obbenuuennn ¢;, , Tpy0bo OIEHHBAETCS CJIELyOmuM 06pa3oM (HOJIb3yeMCsl JIEMMOIt
u yeaosusivu (1) u (3)):

Z Z|f &) — FEN]AinA) <2- sup|f| Z|A|<2 ?uplfl Z<|&k|+26><
giekg e’ tie U by h=1
13 13

g
<2'?“5'f|'<2|4'+2p‘5><2?“p]'f' S-suplfl Sosupls] | 2
s @b la,b] [a,b]

Bropas e cymma onennsaerca 6ostee xutpo. Ecim §; ne nexxut mn B oxaoM u3 L4, , 10 & € By, ) (2m). TlosTomy,
yaurbisast, uto A; N Al # &, MoxkHO yTBepXKIaTh, 4T0 &) € B3y (4,,)(Tm). Ilompobnee: g nnrerpana Puvana pac-
crosiare Mexty &; 1§ He IpeBbImaeT cyMMbl 1t oTpeskos A; m Al kotopas membine 20 < 2v(xy,) (mombsyemes
ycsoBueM (4)), a Tak Kak OT Ty, J0 & PACCTOSHUE MeHbIIe (L), TO B cyMMe KaK pa3 U 10Jrydaercst MeHbIe 3y (L, );
B cayaae marerpana Mak-Illefina orpeskn A; m A mepecekaloTcs, SHAMHAT, EPECEKAIOTCA W COIEPIKAIIE NX OKPECT-
uocru Bs(&;) u By (5 ) ¥ B CyMMe CHOBa TOJTydaeM 26 +v(2m), 9ro Menbie, 4eM 37y (z,, ). OTcroa, UCHONb3Ys 10 CUX
MO OCTABABIIYIOCS HEBOCTPEOOBAHHOMN OIEHKY (2), MOIydaeM, ITo

€

’f(fﬁ) - f(f§)| < |f(&) — flzm)] + |f($m) - f(f;)| < m~
Takum 006pa3oM, Bropasi CyMMa OIEHUBAETCS BEJIMIMHON

ZZ!f& FE)|ainaj| < b_aZZIAM’I—f

i fz‘
3 ¢kL:J1 &
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IMoaBeneM UTOr: MBI OKA3AJIM, ITO Jist JIO60ro € >0 MOKHO HaliTu Takoe ducio § >0 (oHo xe macmrab §(z) = 9),
470 15t 006X BYX pasouenuii T n T/ Xencroka measde 0 (Mak-ITleiiHa, coryiacoBaHHBIX ¢ MACIITaO0OM 0 ()) PA3HOCTH
COOTBETCTBYIOIIUX MM HHTErPAIbHBIX CyMM MEHbIIE, YeM £/2 + £/2 = ¢. Bomosnen kpurepuii Kormn.

Teopema goka3sana.

CuaencrBus.

1. HenpepsisHble Ha orpeske [a,b] dyHkuun narerpupyemsr no Pumany nu Mak-Ileliny Ha [a,b], TocKoIbKY Jr06ast
HeIpepbIBHAS HA OTPe3Ke (PYHKIUsI OIPAHUYIEHA.

2. Monoronusle dyHKInn ToXKe nHTErpupyemsl 1o Pumany u Maxk-IIleiiny, Tak Kak Bce pa3spbIBbl MOHOTOHHBIX
dbyHKIM — mepBoro pojia, ¥ UM COOTBETCTBYIOT KOHEUHBIE IIPOMEXKYTKHU (He IIyCThle U He OJHOTOYEUYHbIe) B 0BIACTH
3Ha4YeHn! (DYHKIMU, KOTOPBIX MOXKET OBITh He 0ojiee YeM CUeTHOEe MHOXKECTBO — BeJIb KaXKJIOMY MOXKHO ITOCTABHTH
B COOTBETCTBHE KAKOe-HUOY/Ib PAIMOHAIBHOE YHCI0, KOTOPOE B HEM JIEXKUT. SHAYUT, 1 MHOXKECTBO TOUEK Pa3phIBa He
6osiee uem cuerHo. K Tomy ke yHKIMsI, MOHOTOHHAs Ha OTpe3Ke [a,b], orpanndena Ha HeM 3uadenusMu f(a) u f(b).

3.3. Heobxoaumoe ycnosue uHterpupyemoctu no Pumany. Kputepnii Jlebera.

Onpenenenune. Ecim dyuknus f onpenenera Ha TpOU3BOJILHOM MHOXKecTBe F, To ocnimutsinueit f #a E — 310

ogcf: sup |f(z)— f(z)].

r,x'€F

YTBepKaeHUE.
Ecmu f — neficrBurenbHo3HadHast GYHKIWS Ha MHOXKeCTBE F/, TO

ogcf = s%pf—l%ff.

loka3zaTeyibCTBO.
Ecmu z,2' € Eu f(2') < f(x), 1o, ouesumno, f(z)— f(z') < supffirbgff, 3HAYUT, TO YK€ BEPHO U JJTsl OCIAJLISIIIUN.
E
Hokaxkem obpaTHOe: osc f=supf— i%f f . Ecim sup f = 400 nan i%f f = —o00 , TO yTBepxKIeHUE BEPHO, TaK KaK
E E
B 9TOM CJIy'iae 05 f = +400. B nporusnom ciydae Jyis moboro & >0 naityres Takue x u ' u3 E, uro f(x) > sup f—§
E
u f(x') < irElff + 5 Ho Torma

osc f > f(x) - f(z') > sup f —inf f —e.

Verpemass € K HyJIIO, IOIydaeM TpedyeMoe yTBEPKIeHue.

VY TBepKeHue JO0KA3aHO.

Jlemma.
IMycrs geiicrBuresbuosnagnas Gynkuus f onpezenena Ha orpeske [a,b], {A;} — mexoropoe pasbuenue orpeska
[a,b]. Torma

o5 oL ) =3 (()Asc f IAZ-I) ,

3
rye depe3 T obosuaueno pasduenue {(A;;&;)} npu nannom BoibGope &; € A;.

JlokazaTesbCcTBO.
Ecin dyuxkuus f meorpanudena ua [a,b], T0 06a BbIpaykeHHs PaBHbI +00 M yTBepxkJenue Bepuo. Eciu xe f
orpaHuveHa Ha [a,b], TO MOXKHO NIPOM3BECTHU OIECHKY:

25 (D = swp ;(f@i)Ai—f(g;)m) <20( s 1) - ST 1a =;(0As;f-|m|).

B nociennem paBeHCTBe MBI IOJIB3yeMCs I€HCTBUTEIHLHO3ZHAYHOCTHIO. JloKaXkeM Terepb, 4To

(055 o(fiT) > Z (‘)ASC f- |Ai|) :

3
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Bosbmenm sro6oe € > 0. Torma Haiijyress takue mapbl Touek &, &0 € A;, aro f(&) — f(&) > ()A:scf — 5= (B

[O-TIpesKHEMY cunTaeM (DYHKIMIO OrpaHudeHHoH ). Mo/ysib 371eCh He MIPaeT POJIM, TaK KaK BCErJIa MOYKHO IIOMEHSITh
mectamu &; u &.. Tenephb oneHnBaeM:

SUDIENES SHGINES SUOEVCIIVES 9((

%

€

— a) |Ail = Z(OASSf' Az') -
K2

Verpemass € K HyJIIO, TOJIydaeM TpedyeMoe yTBEpKIeHue.

JlemMma mokaszana.

Teopema 2. (Heob6xoauMOe yCI0BHE HHTErPUPYEMOCTH 10 PumvaHy)

Eciu neficrBuresibHo3HauHast GyHKIMs f uHTErpupyeMa Ha orpeske [a,b] B cmbiciae Pumana, To f orpanndena
U HElpepbIBHA MOYTH BCIOAY HA [a,b].

Jloka3aTeabCcTBO.

OrpaHu9YeHHOCTH y2Ke JIOKa3aHa. B COOTBETCTBUU C OIIpejiesIeHIeM MHTerpupyeMocT mo Pumany st jiioboro & > 0
Hafijiercst Takoe pasbuenne {A;} orpeska [a,b], uTo npu J06oM BEIGOPE TOUYEK &; € A; BBIIOJHAIACH OIEHKA

o(f,T) /Mx<§

rae T={(A;;&)}. Torma LO5¢ o(f,T) < %= < g, OTKy/a 110 JIleMMe Z(()Ascf |A; |) <e
€

Bor teneps mbr purcupyem € >0, u mpomesibiBaeM CJIeayIonyo npomneaypy. s Bcex wucen ¢ € N Haxomum takoe
pasbuenue T; = {Nj}, YTO BBIIOJHAETCH OIICHKA

€
Z ObCf |A| <ﬁ'

j J
Temepb cpeu Bcex 3Tux pas3buennit HaiijleM TaKue OTPEe3KU Nj, Ha KOTOpbIX osc f > 1/2". Torxa sicHo, 4To CymMMa

JUTAH OTPE3KOB, BHIODAHHBIX u3 pasbuenus T;, GyjieT MeHbIme £/2° — uHade OleHKa HUKAK He BBINOJHUTCA. TakmM
06pa3oM, cyMMa, JUINH BCEX BBIOPAHHBIX OTPE3KOB Oy/leT MeHbIne » | &/2" = ¢.
i

U saBepmaromee yTBEPKICHHE: €CIM KAKAS-TO TOYKA & HE NPUHAJIEKAT HU OJHOMY U3 BBIODAHHBIX OTDE3-
KOB, TO [ HelpepblBHA B TOYKe . [[efiCTBUTENBLHO, €CJaM HyXKHO IOJIYyIUTH 0-OKPECTHOCTH TOYKH I, B KOTOPOM
Vte Bs(z) |f(z) — f(t)] < 1/2% To mocrarouno paccmoTpers pazbuenue T}, U €CJiM TOYKA T JIEKUT BHYTPU OTPE3Ka
pasbueHusi, TO yIUXUBAEM OKPECTHOCTb B 9TOT OTPE30K, & €CJIM Ha Kpaio JBYX OTPE3KOB (TOrja OHH 00a HeBbIOpaH-
HBIE) — TO B OObEIMHEHNE STUX JIBYX OTPE3KOB, U BBIIOJHEHUE YCJIOBUS CJIEIYET U3 ONEHKN OCIUJLIAIUN B BRIODAHHBIX
orpeskax. CreloBaTeIbHO, HAM Y/IATI0Ch HOKPBITh BCE TOYKH pa3pbiBa (GYHKIUH [ CHCTEMOI OTPE3KOB, CyMMa JIJIAH
KOTOPBIX MeHbIe €. OTCI0Aa BBULY IPOU3BOILHOCTH € HOJLY9IaeM, 9T0 [ HempepbIBHA IIOYTH BCIOAY Ha OTpeske [a,b).

TeopeMa JAOKa3aHa.

Caencrsue. (kputepuii Jlebera unrerpupyemoctu no Pumamny)

Dyukius f, oupejieseHtas Ha orpe3ke [a,b], uaTerpupyema Ha [a,b] B cMbiciie Pumana Torjga u ToJbKO TOTIA, KOIIa
f orpanuyena na [a,b] u HenpepbIBHA OYTH BCIOAy Ha [a,b].

JloKa3aTeybCTBO.

st meficTBUTEIbHO3HAYMHBIX (DYHKIINH YTBEPKIEHUE TOJHKO UTO JOKA3AHO, TOITOMY IMOKAXKEM, ITO MTPOUCXOIAT
B KOMIIJIEKCHO3HAMHOM CJIydae, a 3a0/(HO W BBIBEJEM BayKHOE YTBEDIKICHUE.

ITycrs f — KoMIiutekcHO3HauHas dbyHKms Ha [a,b], I — ee unTerpan Ha [a,b] (B mobom n3 cmeicios). Torza,
OYeBUJTHO,

o(Ref,T) =Y Ref(&)|Ai =Red  f(&)|Ai] = Reo(f,T).
i i

Amnanormunas onenka paboraer u ays MEUMOI dacTu. [Tosromy, ¢ yaerom HepaseHeTB |Rez| < |z|, |Imz| < |z| u |2| =
|[Rez| + |Imz|, BBINOIHSIIOTCST HEPABEHCTBA

lo(Ref, T) = Rel| = [Re(o(f,T) = I)| < |o(f,T) - 1],

|o(Tm f, T) = ImI| = [Tm(o(f, T) = )| < [o(f,T) — 1],
lo(f,T) —I| < |o(Ref,T) — Rel| + |o(Imf, T) — ImI|
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TakuM 06pa3oM, KOMILJIEKCHO3HAUHAsT (DYHKIMS HHTErpUpyeMa B JII000M U3 CMBICIOB Ha oTpe3Ke [a,b] Torja u Tosib-
KO TOT/Ia, KOTJla MHTEI'PUPYEMBI B TOM 2Ke CMBICJIE ee JefiCTBUTe/IbHAA U MHUMas 9aCTh, U B CJIydae UHTEI'PU-PYEMOCTHI

BBIIIOJTHACTCA PaBEHCTBO
b b b

/fda::/Refdx+i-/Imfda:.

[Ipumensisi BbIllleCKa3aHHOE K WHTErpajly PumaHa u Teopeme 2, MOJIydaeM CJIeIyIOIlee YTBEPKICHUE: eCJU KOM-
[UIEKCHO3HAaYHAs QYHKIMs HHTerpupyeMa no Pumany Ha orpeske [a,b], To mHTerpupyeMbl €€ jeficTBUTeIbHAS U MHH-
Mas 9acTh, KOTOPbIE U OY/IyT OrpaHUYEHBI U HEIIPEPBIBHBI [TOYTH BCIOMY, JejIas TaKoBoi u camy dyukmuoo. ObpaTHOe
YTBEpP2K/IeHNEe MbI TOKA3BbIBAJN JJIsl JIIOObIX (DyHKIMIA, modToMy KpuTepuil Jlebera Teneps MOJHOCTHIO JOKA3AH.

CuaencrBue gJoKa3aHO.

CaencrBus.

1. Ecoin dynkiust f unrerpupyema o Pumany Ha orpeske [a,b], To f unrerpupyema u no Mak-Illeiiny Ha [a,b],
7 3HAYCHUS WHTETrPAJIOB COBIAIAIOT.

2. Ecsin dbysukuumu f u g uaTerpupyems! o Pumany Ha orpeske [a,b], To u f-g unTerpupyema no Pumany na [a,b].

3. Ecnn 3nadenns naTerpupyemoii no Pumany dyHKINM M3MEHUTh B KOHEYHOM YHCJIE€ TOYEK, TO MOIYUYUTCA DYHK-
U<, TaKXKe HHTerpupyeMas 1o PuMmany, u 3HaYeHHe WHTerpaja He U3MEHUTCS.

4. Ecoin bynkuus f uarerpupyema 1o Pumany Ha orpeske [a,b], yHKIms ¢ HenpepbiHa Ha orpeske [¢,d] C f([a,b]),
10 ¢(f) Toxke nHTErpHpyeMa Ha [a,b] mo Pumany.

5. Marerpas Pumana — aBCOMIOTHBIN, TO ecTh ecsin (hyHKIWMsL f WHTerpupyema mo PuMany Ha oTpeske [a,b], To | f]
TOXKe MHTerpupyeMa 1no PumaHny Ha [a,b] U BBINOJIHSIETCS PABEHCTBO

b b
[\ < [151 s

6. Ecoim dyukuust f uaTerpupyema o Pumany Ha orpeske [a,b] u f(z) > 0 Ha [a,b], a Tak xke f(z) > 0 B HeKOTOpOI
TOYKe HempepblBHOCTH byHKImY f, T0 1 uHTerpat Gyskimun f Ha [a,b] crporo Gosblie Hysst.

lokazaTenbcTBa.

1. Ecim f waTerpmpyema no Pumany, To oHa orpaHWYeHa U HEIPEPBIBHA MOYTU BCIO/LY, a 3HAYUT UHTErPUPyeMa
o Maxk-IIleitny. PaBencTBo MHTErpaJsioB CJie/lyeT, HAIIPUMEp, U3 TOrO, YTO OHU 00a paBHBI mHTErpasy Kyprpeitas —
XeHcTokKa.

2. Eciu f u g orpanuvensl, To u f-g ToXkKe. f-g HeIpepbIBHA IIOYTHU BCIOY, IOCKOJBKY OObeINHEHHE MHOXKECTB
TOYEK pa3pbiBa [ U ¢, KOTOpPbIE MepbI HyJIb, TOXKe OyJIeT MHOXKECTBOM MEDPBI HYJIb.

3. IlonsaTHo, UTO (DYyHKIMS OCTAHETCS UHTETPUPYEMOM, TMTOCKOJIbLKY He TepsieT OrPAHUYECHHOCTH U HEIIPEPBIBHOCTU
mouTn Beromy. [lokaxkem, 4TO He M3MEHWTCs 3HadeHue mHTerpasa. llycrts f — HoBast YHKIHMsI, OTIIMYAONIASCST OT f
B n Toukax. Torya st moboro pasbuennst T XeHCTOKA OTPE3Ka HHTErPUPOBaHUS [a,b] Mesbue § BBIIOJHSIETCS OIIeHKA

a(f—f,’IF) < 206 - sup(f—f) ,
[a.]
C Y9IETOM TOTO, 9TO KaXKJas TOYKa MOYKET OKa3aThCs B JBYX OTpe3kax. VI3 aToro paccyXKaeHns BHIHO, ITO

b

<R>/(f—f) dz =0,

a

a Tak Kak [ = f—i— ( f —f)7 TO KaK pa3 U I0JIy4aeTcsl TPpeOyeMbIil pe3y/IbTar.

4. TIocKOIbKY @ HempepbIBHA Ha OTPE3Ke, OHa OrpaHWYeHa Ha HeM, a 3HaIuT U byHKIus ¢(f) Toxe orpaHudeHa.
Ecnu f nenpepsisaa B Touke x, 10 u ¢(f) Toxke, a 3uauuT p(f) HempepbIBHA OYTH BCIOALY.
5. @yukuus || HenpepbieHa Ha R (1 gaxe Ha C), cie0BaTeIbHO, MOXKHO COCJIATHCSI HA TPEJBIAYINEE CIIEICTBHE.

HepaBencTBO 117151 MHTErpPaIOB HEIOCPEICTBEHHO CJIEAyeT W3 HePaBEHCTBA JJIsi MHTEIPAJBbHBIX CYMM BBUJY CBOWCTB
pejiesia mo baze:

b b
(R) [ 1| = o7, )| = ot D < gpo(1£1.7) = R) 1] do
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6. HeorpunareapHOCTh MHTErpaja CIeLyeT U3 HEOTPUIATEJHLHOCTH MHTErpabHbIX cymMM. Ecmu f(xg) > 0 u f
HENpPepbIBHA B X, TO HafileTcsd Takas 3aMKHyTas d-OKPECTHOCTD Lo, B KOTOpoil f(x) > % f(zo) . Beemem dynknuio

o) 3 € By(xo) N [ab];

g(r) =
0 B OCTaJIbHBIX cnyqaﬂx.

Torma mpomenbIBaeTCS CIIEAYIONAsT BHIKIAIKA:
b f W)
X J—
(R)/fd:c > (R)/gdw == |Bs(w0) N [a,b]| >0

CuaencrBusi JOKa3aHbI.

3ameuaHus.

CsoiicTBo 2 He BbInoJHsieTcs yist nHTerpanoB Mak-Illeitna n Kypuseiis — Xercroka. KonrpripumepoMm siBjsiercst hyHKIUs
flx) = %, Koropast uHTerpupyema Ha orpeske [0,1] mo Mak-IIleiiny, HO KBajpaT KOTOPOil He HHTErpupyeM gaxe 1o Kypuseii-
g0 — Xencroky. CBoiicTBO 3 Hesib3sl OOOOIIUTDL JaykKe Ha Caydail He 0Gojiee YeM CYeTHOTO MHOXKECTBA TOYEK, KOHTP-IIPUMED
— dyukius Jlupuxie, KoTopas OTINYIAETCA OT TOXKIECTBEHHO HYJIEBOH (DYHKIIMM HA CIETHOM MHOXKecTBe Todek. OHAKO WH-
rerpanbl Mak-IIleitna u Kyprseitiasa — XeHCTOKa BBIIEPXKUBAIOT JarKe M3MEHEHWE Ha MHOXKECTBE Mepbl HyJIb, 9YTO MBI ceifiuac
u nokaxkeM. Kak Oy/ieT mokasaHo HUKe, CBOMCTBO 5 BBIIOIHSIETCS TaKKe U Jyist naTrerpagoB Maxk-I1leitna, Ho He 118 HHTErPAIOB
Kypugeitns — XeHCTOKA, XOTsI, KOHEYHO, B CJIy9Yae HHTEIPUPYEMOCTH, HEPABEHCTBO HA MHTEIPAJIbl BBIIIOJIHSIETCs, IOCKOJIbKY HaM

663[)3‘3.JII/I‘IHO7 KOTOpad U3 Tpex 6a3 yiunomMmuHaJIaCchb B JOKa3aTeJIbCTBe.

3.4. NuTerpupoBaHue cyHKuUMii, onpeaeneHHbiXx NoYTU BCloay.

JlokaxkeM Terepb IMOJIE3HOE YTBEPKIEHUE O TOM, UTO 3HaUYeHrne (DyHKINU Ha MHOYKECTBE MEDPbhI HYJIb HE BJIUSET HA
naTerpaabl Mak-Ileitra n Kypugseitns — Xencrtoxa.

JlemMma.

Eciu dyukius f onpenenena Ha [a,b] u f(z) = 0 nourn Bcroay Ha [a,b], To f uHTerpupyema Ha [a,b] mo Max-Ileitny
W ee MHTEerpaJsl paBeH HyJIIo.

JlokazaTeabCTBO.

Bozbmewm uroboe € >0. st Bcex ¢ € N BBezem obo3HaAUEHIE

By ={zelab):i-1<|f(z) <i}.

dcuo, uro V i € N p*E; = 0, mockoabKy ux obbeauHenne F WMeeT 10 YCJIOBUIO Mepy HYyJb. DTO O3HAYAET, UTO
g1t s1i06oro ¢ € N MOKHO BBIOPATH TAKYIO CHCTEMY WHTEPBAJIOB {Ef}, 7 €N, nmokpsiBatomux F;, cyMMa JIJIMH KOTOPBIX
MEeHBIIIe, CKazKeM, % Bosbmenm mMacmiTab §(2), paBHbI, HATIPAUMED, eJUHUIIE (XOTS ITO U He BaXKHO), ecyin & ¢ E, a npu
r € I; norpebyem TOJBKO, 4T00bI Bj(4) (2) j1€2Kasio MeJMKOM B OJIHOM U3 HHTEPBAJIOB Ej, YTO IPUEMJIEMO, ITOCKOJIBKY
JIEZKUT B OJTHOM U3 9THX MHTEPBAJIOB, & HHTEPBAJI — MHOXKeCTBO OTKpbIToe. Ilycrs T={(A;;&;)} — moboe ormederHoe
pasbuenue orpeska [a,b], cormacosannoe ¢ §(x). OueHka geaaercs npocro:

(£ D) = | FE) 1Al = D0 FE) 14y < Sl <X (i X lgl) < Xi 5=
i i=1 j i=1

i=1 &;€E; i=1 ¢ER;

[eS)
7 -

Jlemma mokasaHa.

YTBepKaeHue.

Econ dyrkunn f u g onpenesnensl Ha orpeske [a,b], f = g mouTn Beroay Ha [a,b], TO f U g OHOBPEMEHHO UHTETPU-
pyembl min He uaTerpupyembl o Max-I1lefiny (Kypuseitiao — XeHCTOKY), U B ¢/IyYae HHTErPUPYEMOCTH 3HAYCHUS UX
HMHTErpajioB PABHBL.

JlokazaTeJbCTBO.

ITo mpepiIymeil JeMmMe IMeeM:

b
(9 — f)eMlab], (./\/l)/(g — f)dz =0.
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Iosromy ecau f € M]a,b], To u g € Ma,b], n BbIIOIHSETCS PABEHCTBO
b b b b
M) [gdo =) [ £zt (M) [(g = e = (M) [ Fd.
a a a a
B wacTHOCTH U3 3TOrO Cjemyer, 9To ecyu ofHa 3 (BYHKIUN HEMHTErpupyeMa, TO HeMHTEerpupyeMa U Bropasl, mHaue
MpOMHTErpupoBaach 6ol epsas. s narerpana Kypiseiina — XeHcTOKa Bce aHATOTHIHO.

VYTBep>KaeHne J0Ka3aHo.

DTO yTBEPKIEHUE MT03BOJISIET KOPPEKTHO ompeiesnTh naTerpaisl Mak-Ileitna n Kypiseitrs — Xencroka ot hyHK-
[, ONIPe/IeJIEHHBIX JIUIIb TIOYTH BCIOJLY.

Onpenenenne. Oynxims f, onpesesieHHast MOYTH BCIOLY Ha OTpe3ke [a,b|, maTerpupyema B cmbicae Max-I1leitna
(Kypugeiisg — Xencroka) Ha [a,b], u ee unTerpas paset I, ecju npu HEKOTOPOM (& 3HAYUT, U IIPU JIIOOOM) JI00IIpeIeIie-
HUM [ HA BECh OTPe30K [a,b] mosyvaeTcs WHTErpupyeMasi B COOTBETCTBYIOIIEM CMBICTE (IO CTAPOMY OIIPEIEIEHHIO )
dbyHKIWMSI, MHTErpas KoTopoil Ha [a,b] pasen I.

3ameuaHue.
VImenHO B 9TOM CMBIC/IE HEJABHO TOHUMAJIACH NHTETPUPYEMOCTh (DYHKITAN % na orpeske [0,1].

4. N3amepumMbie pyHKLNN.

4.1. OBa onpegeneHns namepumMmoctu pyHKUNiA.

Ounpenenenne 1. Oyuxuusa f, onpejieseHHas NOYTH BCIOAy Ha [a,b], Ha3piBaeTcs usMepuMoiil Ha [a,b], ecau juis
moboro ¢ >0 naiiercs Takast byHKIWs g, HenpepbisHad Ha [a,b], aro p*{z € [a,b] : f(z) # g(z)} < e.

Ounpenenenne 2. Oyuxuug f, onpejieseHHas NOYTH BCIOAy Ha [a,b], Ha3biBaeTcs usMepuMoil Ha [a,b], ecau 1uis
moboro & >0 nafinercs takoe muoxectso E € [a,b], uro p*E = 0 u f neupepsisaa Ha MuOXKectse [a,b] \ F 1o [a,b] \ E.

Jloka>keM 3KBUBAJIEHTHOCTb OIIpeJIeJIeHMIA.

Slcno, uro ecin PyHKIUA f M3MEpUMa MO NEPBOMY ONPEJIEJICHHIO, TO OHA M3MEPHMa U 1O BTOPOMY: JOCTATOYHO
nonoxuth E = {x € [a,b] : f(z) # g(x)}. robB! BBIBECTH U3 BTOPOrO ONpPE/IEJICHHs TIEPBOE, U Te€M CaMbIM yCTAHOBHUTH
9KBUBAJIECHTHOCTD OIIPEICJIEHHH, TOTPEGYIOTCS IOMIOIHATEIBHBIE Y TBEP2K ICHHSL.

JIlemma 1. (0 cTpyKTYpe OTKPBITHIX MHOXKECTB)

JIroboe OTKpBITOE MHOXKECTBO Ha R mpescrasisieTcss B BUJE JU3bIOHKTHOTO OObe/IMHEeHNUsT He GoJjiee 4eM CUYEeTHOI
CHCTEMbI MHTEPBAJIOB (BO3ZMOXKHO, ¢ GECKOHEYHBIMU KOHIIAMHU ), KOHIIBI KOTOPBIX HE JIEKAT B CAMOM MHOXKECTBE.

Jloka3aTesibCcTBO.

IIycts G C R — oTKpbITOE MHOXKECTBO. EC/IM OHO IIyCTO, TO yTBEPXKIEHUE OYEBUIHO, II09TOMY OyIeM CYUTATH, ITO
ono He mycro. Ilycts & € G. Torma mosoxum

ay =inf{s e R: [s,2] C G},
By =sup{s€R:[z,s] C G}.
IMonyvaeMm, uro € (o, B) C G. HeiicrBurenbho, ecan o, < t < x, T0 B uHTepBaje (ay, t) HajileTcs TaKkoe IucIIo
s, uro [s,x] C G, orkyna t € G. Ananornuso, ecim & < t < (3, To Toxke t € G, 1pu 3TOM MBI 6pas € G, MO3TOMY

Bech UHTEPBAI (0, Bz) C G. Ilpu sroMm a, ¢ G, MOCKOIbKY MHAYe, TAK KAK MHOXKeCTBO (G OTKDBITO, HAILIACH Obl
OKPECTHOCTb TOUKH (, JiexKamad B G, 9T0 IPOTUBOPEUMIIO Obl BLIOOPY (. Ananoruuno, 5, ¢ G.

OnmcanHoe MOCTPOEHNe MOYKHO MPOU3BECTH JIJIsI BCEX TOYEK MHOXKecTBa (3, IpHdYeM MOCTPOEHHbIE MHTEPBAJIbI T10-
KpbIBaloT (G, TaK KaK Mbl UX CTPOMJIM BOKPYT KaxKjoil Toukm (. JIoOble JBa M3 MOCTPOEHHBIX JJIs PAa3HBIX TOUEK
MHTEPBAJIOB He MepeceKaloTcs Jubo cosnanaior. leiicrsuresnho, ecau (a, b) N(c,d) # &, 1o BosbMeM zx € (a,b) N(c, d).
Torna a < ¢ < z no nocrpoenuio (a,b), a ¢ < a < x o nocrpoenuio (¢, d ), nosromy a=c; anajgoruduo b=d. IToaromy,
B34B 10 OJHOMY MHTEPBAJY U3 KayKJOTO KJIAcCa PAaBHBIX JIPYT JIPYTy MHTEPBAJIOB, MOJy4YHM TpebyeMoe pasbuenue
mHuoxkectBa (. Hy u, HakoHell, KaK y»Ke OTMEYaJOCh BBIIIE, MHOYKECTBO HEIIePeceKaloMUXCsl MHTePBAJOB He MOXKET
OBITH GOJIee TeM CYETHBIM, TaK KaK B KaXKJOM COJCPKHUTCS PAIMOHAIBLHOE THCIIO.

JlemMma mokaszaHa.
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Jlemma 2.

[Iycts FF C R — memycroe 3aMKHYTOe MHOXKeCTBO, byHKIus f omnpenesiena Ha F' u HenpepsiBHa Ha F' o F. IlycTts
MHOKecTBO R\ F' 1ipesicraBiisiercs (B CMBbICJIE TIPEABLIYIIeil JJeMMbl) B Bujle 00beMHeHUs UHTePBaJIoB (ay, B;) , a;, B; €
F. Toonpenennm [ Ha KOHEUHBIX OTpe3Kax [a;,[3;] JMHENHHO, a HA GECKOHEYHBIX — KOHCTAHTaMW. TOrja MmoryduTest
HerpepbiBHAS Ha R DyHKIMSA.

JloKa3aTeabCTBO.

Ha unrepsanax (o, ;) dyHKIusa neficrBuTesbHO HelpepbiBHa. B Toukax muoxkecrsa F' oHa HerpepbiBHa 110 F' 110
yeaosuio. Ocraercs mokasarb, uyro f HenpepbiBHa Ha F' 1o R. Bosbmem soboe z € F; u nokaxkem, yro f(xz + 0) =
f(x) m f(x —0) = f(z). Ilpuuem BTOpOE yTBEPXKJEHNE AHAJIOTMYHO IIEPBOMY, MIOITOMY MBI €ro He OyIeM OTIeIbHO
JIOKa3bIBaTh. ECau ToYka X sBJSETCS OJHON U3 y 7 —00, TO TpebyeMoe yTBEPXKIEHHUE CJIEJYeT U3 TOro, KaK MbI
JooMpe e isiin (DYHKINIO Ha COOTBETCTBYIOIIEM HHTEpBajie. B IPOTHMBHOM Cjydae MOYXKHO yTBEPXKIATh, UTO V & >
0 (z,x4+d0)NF #02.

Tenepb BozbMeM Jr060e € > 0. Tak kak f HenpepwiBHa Ha F' 110 F', TO Halinercs § >0, Takoe, ato V¢t € Bs(x)NF f(t)€
B.(f(z)). Hockoabky (z,z + §) N F # &, nHaiigercsa aucao 7 € (0,0), takoe, uro x + v € F. Toraa, oueBuaHoO, s
sroboro t € (z,x + ) umeem f(t) € B-(f(z)). 910 u mokaseiBaer, uro f(x + 0) = f(x).

Jlemma mokasaHa.

JokaxkeM Tenepb, 9TO W3 BTOPOTrO OIpee/IeHnsl M3MEPUMOCTHU CJieflyer mepBoe. JleficTBuTeIbHO, BO3BMEM JII000€
€>0, u myctb £ — TO camoe MHOXKECTBO U3 onpezesnenns 2. IlockosbKy ero BHeIIHssI MePA CTPOrO MEHBIIIE £, HAWIeTCs
cucrema {{;} nHTEpBAIIOB, IOKpHIBaMmast F, cymMMa JyinH KOTOPBIX MeHbIe €. [Tooxum

G= Uﬁ,; U(—o00,a) U(b, +00) .

Torma G — oTkpbiToe MHOXKecTBO, a F' = R\ G — 3amknuyToe. Ilo onpenenennto, f menpepwisa Ha F' C [a,b] \ E.
IIycre g — moonpenenennas ¢ F #Ha R 10 TobKO 9TO jjoKa3aHHOi jiemMe dyHKus f. Torma g HenpepbiBHa Ha R, u

H={z€ab]: f(z) # g(z)} C U&,

IIpUY€M BHEIIHAA Mepa O6’be,HI/IHeHI/IH MEHBbIIIE € (GI‘O MO2KHO IIOKPBITH CaMUM CO6OI‘/’I)7 SHa4YUT U /J/*H MEHBIIIE £.

D KBUBaJIEHTHOCTDb onpe,ae.neHI/If/i JAO0OKa3aHa.

4.2. NNHTerpnpyemocTb OrpaHuUy4eHHbIX N3MepuMbIX PyHKUNIA.

Teopema 1. (06 HHTErpHPYeMOCTH OrPAaHHICHHBIX H3MEPUMBIX (DYHKITHIT)

Eciu dyukuus f onpejnesena, orpannyena u usMepuMa Ha orpeske [a,b], To f € M]a,b].

Jloka3aTeJibCTBO.

IMockonbKy f orpanmueHna, ects Takoe uncio C, aro | f| < C na [a,b]. Bozemem mo6oe & > 0. Tlockonbky f usmepuma,
Haiiserca Takas dynkmus g € C [a,b], uto p'E < g5, e E = {z € [a,b] : f(z) # g(x)}. IIpu sToM MOXKHO cunmTaTs,
4YTO ¢ TOXKE OorpaHmdeHa TeM ke uucjaoM C: B KOHIE KOHIIOB, BCErJla MOXKHO Cpe3aTh (DYHKIUIO g B T€X TOYKAX, IJIE
ona 1o Moy Bbuiesaer 3a C. Boibepem cucremy unrepsasio {f;}, mokpsiBamoulyio F, ¢ cyMMOR JJIMH MEHBIIE
BBIIEYTTOMAHYTOTO 55 -

ITockosbKy g HenpepbiBHA Ha [a,b], To oHa uHTerpupyema Ha HeM 1o Mak-Ieiiny. ITycrs I — unTerpan g Ha [a,b].

Haiisierest rakoit macurab dg(z) Ha [a,b], uTo ms moboro ormedenHoro pasbuenus T orpeska [a,b], cormacoBaHHOro
¢ dp(x), 6ymer Bepuo mepasercrso |o(g,T) — I| < /4. Ilocrpoum HOBBIT MaciiTab d(x), KOTOpBIA Gyler coBIAIATH
¢ do(z) ma [a,b] \ E, a na muoxkecrse E Gyser Beibpan TaK, 4ro6bl 11 Beex Touek & € E oxpectHocTs By () mexana
ObI 1IEJIMKOM B OJJHOM U3 uHTepBasos 4. [Iposepum kputepuit Komm njisa dynkimm f.

ITycrs T u T" — nBa orMedeHHbIX pasbuenus [a,b], corsacoBanubix ¢ d(z). Torma
o(f,T) = o(f, T) < lo(f,T) = o(g. T)| + |o(9,T) = I| +|I = o(g, T')| + o (g, T') — o(f,T')|.

Bropoe u Tperbe ciaraeMble yxke MeHbIIE €/4 Kaxoe. JlBa ApyTrux CIaraeMbIX OIEHUBAIOTCS OJMHAKOBO, TOCKOJIb-
Ky Jyist o6oro ormederHoro pasouenust T={(A;;&;)} orpeska [a,b], cormacoBanHoro ¢ 6(x),

o (f,T) = (g, T) = | D (F(&) = g€ 1Al = | D (f(&) — g&)) Al <2C- Y A < 2C - % =7

, 4’
% &, EE & eEE

[IOCKOJIBKY BCe OTPE3KH A\; COIEPKATCS B UHTEpBaJax §; u He nepekpbiBaiorcs. Mol nokazasu, uro |o(f, T) — o(f,T')| <
€ € € g __ o
S+ 3+ 35+ 3= ¢ Bomomnen xpurepuit Komu unrerpupyemocTu.

Teopema gokasaHa.
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3ameuaHwue.

Ycii0BuEe OrpaHUYEHHOCTH MOXKHO 3aMEHUTH CJIEAYIOIINM yCJIOBHEM ‘‘CyIECTBEHHON orpanutdeHHOCTH : DyHKIus f, onpeme-
JIEHHAs TIOYTH BCIOAY Ha MHOXKecTBe F, HAa3bIBaeTcsi CyNIECTBEHHO OrpaHWYeHHO# Ha F, ecim Haiimercda Ttakas koHcranra C,
ugro |f(x)| < C mourn Bcroxy Ha E. TakuMm o6pasoM, ecian dDyHKIMA U3MEPUMa Ha OTpe3Ke [a,b] ¥ CymecTBEHHO OrpaHHYeHA
Ha [a,b], TO ee MOXKHO NOAKOPPEKTHPOBATH, JOOLPEIEINB HyJIeM TaM, [Jle OHa He Olpe/ieieHa, U M3MeHUB 3HadeHue Ha 0 TaM,
rae oHo 1o Moayo Gosbire C. Ilpu sToMm dyHKIMA cTaHET BCIOAY OIPEIEJEHHON U OUPAHUYEHHON, a 3HAYNT, HHTErPUPYEMOil
mo Maxk-Illeitny, ciemoBaresbHO, STUM K€ CBOMCTBOM O0JIa/IaeT W MEpBOHAYAJbHAS (DYHKIWS, TOCKOIbKY, KaK ObLIO OTMede-
HO B mpezpuayineM naparpade, 3uadenne (yHKIUU HA MHOXKECTBE MepPbl HYJIb BJuseT Ha uHTerpupyemocth 1o Maxk-I1leitmny

1 3HaYE€HHEe MHTEerpaJa.

5. HeonpepgeneHHbIi nHTerpan.

Onpenenenune. Ecan dynkmus f uaTerpupyema Ha orpeske [a,b] B kakoM-smbo cmbicie u ¢ € [a,b], To Gymem

CYUTATD, ITO
a b c
/fd:c:f/fdx u /fd:r:().
b

a C

YTBepKaeHUe.
He caoxmo 0606muTs Teopemy 06 aIUTHBHOCTYA WHTErPAJIA 110 OTPE3KY HA CIydail, KOr/ia B PABEHCTBE

c b c booc
a/fdx:/fdm+b/fdx= a/—i-b/ fdx

(BeTpeuaeTca u Takoe 06O3HAYEHUE) JOMYCTUTH MHTErPAJIbl, Y KOTOPHIX BEPXHU IIPEIEs MEHbIIEe HUXKHErO WU €My
paBen. Bce cBoanTCST K IPUMEHEHHIO OIPEE/IEHNl U OCHOBHOI TeOpeMbl 00 aJIMTUBHOCTHU 110 OTPE3KYy IpHu mepebope
BCEBO3MOXKHBIX PACIIOJIOXKEHUI TOYEK a, b U ¢ Ha YIMCIOBOM IPSAMOIA.

Ounpenenenne. Ecin dynkuus f unrerpupyema Ha orpeske [a,b] B KaKOM-au00 CMBIC/IE, TO OIPEJIEIEHHYIO HA
[a,b] dyrKIHIO

F(x):/fdt—i—C

npu J06bIX GUKCHPOBaHHBIX Zo € [a,b] u C' € R Gyjiem Ha3BIBATH HEOIPEEJIEHHBIM HHTErpajioM (MHTErPAJIOM C Hepe-
MEHHBIM BEPXHHUM IpejiesioM) or dbyHKIuu f Ha oTpeske [a,b] B COOTBETCTBYIONIEM CMBICIIE.

YTBepxkaeHue.
JIro0ObIe 1Ba HEONPE e IEHHBIX MHTErPAJIa OT OHOM U TOH Ke (DYHKINA B JIIOOOM CMBICJIE OTJIMIAIOTCS HA KOHCTAHTY.
dokazaTesibCcTBO.
IIycts
xr xr
Fl(ac):/fdt+(]1 u FQ(Z‘):/fdt—f—CQ

T T2

Torma

Fy(z) — Fi(x) = j—j fdx+(01—02)=7fd$+(01—02),

YTO JIEUCTBUTEJILHO ABJIAETCS KOHCTaHTOI.

VTBepKaeHue J0Ka3aHo.
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Onpenenenne. Oyuxius f npunamiexur kiaaccy Junmmna (Fenbaepa) na muoxkecrse E, eciu f onpenesieHa Ha
FE, n naiinerca rakas mocrosaaass C, 910

Vate B |f(x) - fH < Clo—t].
O6osnauenue: f € Lip(F).

¢cro, uro u3 npunarexkuoctu dyuknun f Kiraccy Jlunmuna na E ciegyer HempepbIBHOCTD U TazKe PABHOMEDHAST
HempepbIBHOCTE f Ha F, MOCKOIBbKY MOMysb HempepbiBHOCTH wi(d) < C - 4.

Teopema 1. (0 cBoiicTBaX HEONPEJEJEHHOIO HHTETPAJIA)
ITycrs dyrknus f uaTerpupyeMa Ha [a,b] B KAKOM-100 CMBICTIE U

F(x) :/fdt+C.

1. Ecm f orpanmuena Ha [a,b], To ee Heonpeznenennblit uaterpaa F € Lip[a,b].
2. Ecoin dbynkuus f HenpepblBHA B HEKOTOPOil TOUKe X € [a,b], To IF'(x9) = f(xo).
Jdoka3aTesibCTBO.

1. IIycrs f(x) < D na [a,b]. Ilokaxkem, 9To
T2
/fda: < D(xg — 7).
z1

HeficTBuTennbHO, JUTst Kaxk a0 naTerpaibaoit cymmbl o (f, {(A;; €;)}) Ha oTpeske [z1,22] (MOXKHO cunTaTh, 9T0 1 < T3]
IPU T1 = T3 YTBEPXK/JEHUE OYEBUJIHO) MOKHO IIPOM3BECTH OLEHKY

Zf(fi) |A]] < CZ|Ai| = C(z2 —11),

3HAYNT, TO YK€ CaMOe BEPHO U JJIs MHTEerpaJja Kak IIpejesia 1mo coorsercrByomeit 6aze. st marerpamos Mak-I1leitna
u Kypuseitng — XeHcTroka Bce IEPEHOCHTCH Ha CIIydail CyIIECTBEHHO OIPDAHMYEHHOCTH TaK K€, KAK B 3aMeYaHUu
B KOHIIE IIPEJBLAYIIEro naparpada.

2. IIycrb dpyHKIMs f HENpepbIBHA B TOYKe Xg. I[oKaxKeM, 4TO

. <F(:1:0 +AA92 — F(zo) f(x0)> o

elicTBUTETHHO, TIEPBOE CJIAraeMoe MOXKHO 3alUCATb B BUJIE

Ax—0

To+Az
1
—. t) dt,
el AL
xo
BTOpPO€ — B B€CbMa NCKYCCTBECHHOM BH/IE
To+Ax
1
. dt)
Az / f(xo)
o
" BC€ BbIpaKeHue IIPpUMET BU/
To+AT
1
_— t) — dt.
A [0 - fa)

To
ITpumensisi nepBbIil TYHKT TeopeMbl (B HEKOTOPOH OKPECTHOCTH TOUKH &, Ije (DYHKIMsI OrPAHUYIEHA), OIEHNBAEM
9TO BbIPAXKEHHNE CBEPXY 110 MOJLYJIIO BEJIUYHHO

1
Ay | Suplf(8) = flzo)[|Az] = sup|f(t) — f(z0)|
L [zg,z0+Ax] [zo,z0+Ax]

Ho sta Besmmanna 6ecKOHETHO MaJjia, Tak Kak (pyHKIus [ HEmpepbIBHA B TOYKE Xg, YTO HAM U TPEOOBAJIOCH. 3ame-
qaHue: [To, xg + Az] 03HaTaeT OTPE30K ¢ KOHIAaMu Zo U Zg + Az (a Bapyr Az <07?)

TeopeMa JOKa3aHa.

CiaeacrBue.
Ecnu f€R[a,b], ro neoupenenennstii nurerpan F € Lipla,b], u 3 F'(z) = f(x) nouru Bcrony Ha [a,b].
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6. Jlemmbl Konmoroposa — Cakca — XeHcTtoka n Butann.

ITycrs dyukmst f uaTErpUpyeMa Ha OTpe3Ke [a,b] B KaKOM-7mb0 13 Tpex cMbIcJaoB, I — ee uaTerpas. IlycTs Takxke
JaHo HekoTopoe € > 0 u BbIOpaHo Takoe uncyo § >0 (mam macmrab §(x)), uro s jroboro pasdbuenuss T Xencroka
(Mak-IITeitna, Xencroka) orpeska [a,b] Mesbue § (cormacoBarHoro ¢ §(z)) BoosHsiercst HepaseHcrso |o(f, T) — I| < e.
JBe cieytomme JeMMbI TTO3BOJIAT HAM YK€ B 3TOH CHTYAIIUH JIEJIATH HEKOTOPBIE BBIBOJIDI.

JIemma 1. (ciabas sremma Konmoroposa — Cakca — XeHcTOKA)

[Ipu onmcannbx BhIme yenopusx s oboro pasbuenns T={(A;;&;)};c , Xencroka (Mak-Ileitia, Xencroka) oT-
peska [a,b] Mesibue 0 (corsacoBaHHOrO ¢ §(2)) U JyIst TEOGOTO TIOMHOXKECTBA UHIEKCOB pasbuenns J C J BbINOIHSIETCST
OLICHKA

Zf(&)%ﬂ—/fdw <e.

icJ A

Jloka3aTesibCcTBO.

Jljist Bcex OTPE3KOB, HE MOIMJAIOIIUX B CyMMY, ceiidac MOCTPOUM MaJjieHbKue pasbuenus. A umenno, eciau i ¢ J, To
I oTpeska A; Hadigem takoe aucio 0;, 0<d; <4 (macmrab §;(x), 0<d;(z) <d(x)), 9robbr mig goboro paszbuenus T;
Xencroka (Mak-IIleitna, XeHcroka) orpeska A; Meibie 0; (cormacoBanHOTO ¢ 0;(z)) ObLIa BepHa OICHKA

77
n

o(f,T;) — [ fdz| <2
/

rae n = |J| — KoaudectBo map B pasbuennu T, 7 — HEKOTOpOe HAIEPE, 3aJaHHOe TOJIOKUTENbHOe Yncio. Temepsb
cobepem u3 T; HOBOE pazbueHue:

T=| [JTi| u{(Aié&)}ics
ieJ\J
9ro pasbueHne ToxKe MeJbde 0 (coracoBanHoe ¢ §(x)), HOCKOIBKY 0; <4 (coorBercTBeHHO, d;(x) <d(z)). ITosromy
‘U(f,ﬁ‘) — I‘ < &. B 1o xe Bpems

o(£3)~1= % (otr 1)~ [rao |+ X [ 1o - [rao

i€ET\J A, i€J A,

JleBast 4acTh IO MOJYJIIO MEHBIIE £, IIepBasi CyMMa B IIPaBOil YacTH 110 MOJYJIIO MeHbIre . IlepeHocs ee BIpaso
u 6epst MOJTYJIb, TIOJIy9IaeM UCKOMYIO OIEHKY JIJIsi BTOPOH CyMMBbI:

S| seian- [rar||<ctr
A

icJ
Beusy mpoussosibHocTr 7y > 0 Kak pa3 W MOJYIUJIOCH JIOKA3bIBAEMOE YTBEPXKJIEHHE. 3aMEeTHM, YTO HEPABEHCTBO

[IPU TAKOM II€PEXO0JIe BOODIIE ITOBOPsI CTAHOBUTCS HECTPOIUM, UTO MbI IIPEJBUJIEN ellle B (POPMYIUPOBKE.

JlemMma mokaszaHa.

JIemma 2. (cmibHas stemma Kosmoroposa — Cakca — XeHcToka)
[pu rex e ycnopusx jyia jmoboro pasouenns T = {(Aj; &)}, , Xencroka (Max-Illeiina, Xencroxa) orpeska [a,b]
Mesibae § (coracoBanHOro ¢ §(xr)) crpaBeijinBa CJELYOMas OlEHKa — Telephb yXKe Ha CyMMY MOJLyJIei:

2¢ B IefICTBUTEILHO3HATHOM CITytae;

s 4¢ B KOMILIEKCHO3HAYHOM CJIyvae.

S s 1ad —/fda: <
Ay
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Jloka3aTesbCcTBO.
Paccemorpum cravasta ciy4gait, korna f — meiictBurenbHo3HadHast byHKIims. Obo3HaamM

J = Zejf(fl)|Al|7/fdx>O
A

Torma mo ciaboit memme Kosmvoroposa — Cakca — XeHCTOKa TMeeM
S| reiaid - [rae )| =X | iad - [ <
ieJ A, ieJ A,

[TockoJibKy Bce caraeMble HEOTPUIATENBHBI, MOJLYJIb CYMMBI, OY€BUJIHO, paBeH cyMMme MmomyJseil. Temepnb Tak ke
obpaboTaeM OTpHUIIATETbHBIE CIaraeMble:

> feial- [ras)|= X |reiad - [san| <
ISVAV) A, i€eT\J A,

CxkJiasibIBast JiBe OIEHKH, MOJIydaeM KakK pa3 2¢. B KOMIUIEKCHO3HAYHOM CJIydae OIEHKA ITPOU3BOIUTCS OTJIEJIHHO
I JeACTBUTEIbHOM W MHUMOI dacTu. Bor Tak:

Z Ref (&) |A —/Refdac < 2,

ieJ A;

> Imf (&) A —/Imfdx < 2.

ieJ A;

Nroro B cymme 4e, nockoubky |z| < |Rez| + [Imz|.

JlemMma mokaszaHa.

Onpenenenne. Muoxecrso £ C R mokpeiTo cucremMoil orpe3koB {2 B cMbiciie Buranu, ecim st 1000l TOYKU
x € E n pyist moboro uncaa § >0 Hadinercst Takoit orpesok I € Q, uro x € T u |I]<4.

Teopema 1. (neppasi Teopema Burasu)

Ecmn orpamnmyennoe muoxkecTBo 2 C R MOKPBITO cucTeMoii oTpe3koB () B cMbIcjie Buraiau, To Haiimercs me 6o-
Jiee UeM CYEeTHAs CHCTEMa HeIePeCeKAIoINNXCs OTPE3KOB u3 () ¢ KOHEYHOH CYyMMON JJIMH, MOKPBIBAOIIAS IOYTH BCE
MHOXKeCTBO F.

loka3zaTeyibCTBO.
Ecin muoxkecTtBo E mycrto, To yrBepkKaenune Bepuo. Eciaum E me mycro, To um ) Toxke. Ilo ycimoBuro MHOXKeCTBO
E orpammveno, To ecThb JieKWT, cKaxkeM, BHyTpu otpeska [a + 1,b — 1]. s mauama BeikuaeM m3 () Bee HEHy KHBIE
orpesku, obozuaaus U = {I € Q: I C [a,b]}. Torna ; Toxke He mycro u nokpsiBaeT E B cmbicie Butamu (gocrarodHo,
HAIIPEMED, OTPAHUIUTHCST OTPE3KAMH, TIOJXOSAIUMU 1101, onpeenenne npu 0< 0 < 1). Ceifuac Mbl IPOJEMOHCTPUPYEM
[POLIEYPY, BHIOMPAIOINLYIO0 UCKOMYIO CHCTEMY OTPE3KOB, He TVl Ha MHOXKeCTBO E.
Bosbmenm orpesok Iy € 4, na Takoi, aro |I;| > %sup|[|. TMonoxum Qy = {I € Qy : INT; = @}. Ecim Qy mycro,
IeQ,
TO IIOCTPOEHUE 3aKOHYEHO.
Bosbmenm orpesok I € (s, Takoit, uto |Io| > 1 supl|I|. Honoxum Q3 = {I € Oy : I NI, = @}. Ecim Q3 nycro, To
I€Qo
MOCTPOEHNE 3aKOHIEHO.
Bosbmenm orpesok I3 € 3, Takoit, aro |I3] > 3 supl|I|. Honoxum Q4 = {I € Q3 : I N I3 = @}. Ecm Q4 nycro, To
I1eQs
[OCTPOEHUE 3aKOHYEHO.
Bosbmenm orpesok Iy € €y, Takoit, uro |1y > 1 supl|I|. Honoxum Q5 = {I € Qy : I N1y = @}. Ecm Q5 nycro, To
IeQy
OCTPOCHHE 3aKOHYECHO . . .

" rax JaJjiee. TeHepb BO3MOXKHBI /IBa CJIy4dad.
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Iepsbrit cory4aii: [Tosrydennas cucreMa KOHEUHA, TO €CTh KaKas-TO U3 CUCTeM {1, 11 OKa3aJach IyCTOH, U IIOCTPOEHIEe
ocTaHOBUJIOCH. Torna cucrema oTpe3kos [1, . .., I, MOKpbIBaeT BoobIIe Bce MHOXKeCTBO F. JleiicTBuTeibHO, 0003HAINM
qepe3 F' obbeanaenune oTpe3koB I;, i=1,...,n, U IPeaIoJoKNM, 9TO €CTh TOUKa * € I, He mpuHaAIeKaIas MHOKe-
crBy F. Ho F 3aMKHYTO Kak KOHeYHOe OObeJuHeHre OTPe3KOoB. 3HauuT, Haiijercs Takoe 6 >0, uro Bs(z) N F = @.
A B 3Ty J-OKpPeCTHOCTb MOXKHO 3allUXHYThb OTPe30K J m3 cucreMbl )] JIMHBI MeHbIle §, cojepzKaiuii Touky . Ilpu
9TOM TOT OTPE30K HE IE€PEeceKaeTCsl HU C OMHUM W3 [;, a 3HAYUT, 110 HOCTPOEHUIO, CONEPKUTCH B 1,41, KOTOpas 1O
[IPEIIIOJIOKEHUIO TTycTast. I[poTuBopedne BOZHUKIIO U3-3a TOrO, YTO MbI IIPEINOJIOKIIIN, YTO eCTh Touka © € F \ F.

Bropoii cay4aaii: IlycTs mporiece Tak u He 000pBaJICSA, U MbI TTOJIY TN OECKOHETHYIO CHCTEMY OTPe3KOB I1, ..., Iy, ...
Toria ux JIMHBI CTPEMSATCS K HYJTIO, TIOCKOJIBKY CyMMa JIJIMH KOHEYHA, TaK KaK He TPEBOCXOJIUT JJIMHBI BCETO OTPE3Ka,
[a,b] (ccpuraemcst Ha ciaecTBIe U3 KpuTepus KoMK CXOAUMOCTH DPsIJIa: WIEHBI PSIA JOJKHBI CTPEMUTHCS K HYJIIO).

Ob6o3HaunM 4epes I pacTsHYTHII B IITh pa3 OTHOCUTEJBHO IleHTpa oTpe3ok I;. Ilokaxem, uTo

e\ne () r
=1

1=n—+1

JleficTBUTEIbHO, BO3bMEM TOUYKY &, HE HOKDBITYIO [IEPBLIMU 7. OTPE3KaMu (€M TAKUX TOYEK He Haiiiercs, To He
COBCEM $ICHO, 4TO MbI JIoKa3biBaeM). Torma B cucreme §)y Haiijgercs takoii orpe3ok J, yro x € J u J NI, = & s
i=1,...,n. Haiinercs takoit Haumenbinuit Homep k>n, aro J N[ # &: unave J € §Q; i Beex i, U, CJIeJ0BATEIHHO,

|J]| < sup |I| < 2|I;| pist Beex ¢, HO muuHBL I; cTpeMsITCst K HyII0, U mosyaurest, uto |J| = 0. A kak toasko J NI # &,
IeQ;

tak cpady |J| < 2|I;| (moromy wro k Mbl O6panm nammensiree, 3uadnt J € ). Cienosaresnsno, umeem x € J C I},

Taxum 06pa3oM, MbI AEHCTBATEIBHO YIOXKUIN BCE, ITO He MOKPBITO IIEPBBIMU 12 OTPE3KAMHE, B 00beIMHEHNE OCTABIINXCSI

OTPE3KOB, CcHaOKEHHBIX 3BE3J0YKaMMU. OcraJjiocn 3aMeTUThb, 9TO

D=5 Ihl = 0.

To ectp mys mroboro € >0 MBI MOXKeM HaiiTu Takoe duciio n € N, 4To He Hojiee YeM cUYeTHAs CHCTeMa OTPE3KOB
oo
{I}},-,,; HOKDBIBAIOIIAsI BCE HENOKPBITEIE yYacTKH £, IMeeT CyMMy JUIMH MEHBIIE €, YTO C HAC U TPeGOBAJIOCH.

TeopeMa JAOKa3aHa.

CuencrBue. (Bropast reopema Burasn)
Eciin orpannuennoe MmaHOKecTBo F C R mOKpBITO cucreMoii orpe3kos {2 B cMbiciie Burasu, To st jiroboro € > 0

MOXKHO BBIOPATh Ha 9TOT Pa3 y’Ke KOHEUHYIO CHCTEMY HellepeCceKalonmxcst oTpeskos {1} C €2, uro

w(ENJL) <e
=1

lokazaTesibCcTBO.
IIycts HAaM He 1TOBE3JI0, U Cpa3y BLIOPATH KOHEUHYIO CUCTEMY, TOKPBIBAIOIIYIO TouTH Bee F, He ymaercs. Boibepem
cHauasa caerHyto cucremy {I;}:- . Toraa

n (o) (o)
E\Ulig U L | U E\Uli .
i=1 i=n+1 i=1
1 o cBoiictBam mepnl Jlebera mosryaaem
p{ENUL) <D 1L+ {ENUL| =) |1i| — 0.
i=1 i=n+1 i=1 i=n+1

3Ha‘II/IT7 BbI60p01\1 n AeﬁCTBHTeHLHO MO2KHO ,HO6I/ITBCH CKOJIb yI'OZTHO XOpOHIETO IMOKPBITHUAL.

CuaencrBue JoKas3aHO.
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7. Ewe Heckonbko Teopem obO MHTerpanax.

7.1. HenpepbiBHOCTb 1 aundrpepeHunpyemMocTs HeonpeaeneHHoro nHrerpana.

Teopema 1. (HenpepbiBHOCTD Heonpejeaenroro unrerpaia Kypnpeiis — Xencroka)
Ecinu dyukuusa f € H[a,b], To ee Heonpeaesennbiii uarerpai F'(x) neupepoiBer Ha [a,b].

JloKazaTeJbLCTBO.
Bosbmenm so6oe e > 0. ITockoabky f € Ha,b], Halizercs macmrab d(x), Takoi, uro mus jwoboro paséuenns T
XeHncroka orpeska [a,b], cormacosannoro ¢ 6(x),

b

o(le‘)—(H)/fdx <%.

a

Tenepsb, mycTh TpeOyeTCsl MOKA3aTh, YTO NHTErPAJ HENPEPBIBEH B TOUKe & € [a,b]. Bo3dbMeM 1OJIOKUTEIBHOE TUCIIO

. €
v <min {86) g7 |
IMpuueM eauHUILy MBI JOGABUIIN TOJBKO 3aTEM, 4TOObI U36€2KaTh BOIIPOCOB PO Je/ieHne Ha HOJb. Ilycts Ax — Ta-
koe, ato § + Az € B, (x) N [a,b]. [Ipn sToM MBI T06MIICH TOTO, uTO [€,§+AZ] C Bs(g)(€), T1e, Kak Beerma, [€, € + Ax]
obo3naugaer orpe3ok ¢ Koniamu & u +Ax. Takum obpazom, MozkHO cobparh pasbuenne T Xencroka orpeska [a,b], co-
riacosannoe ¢ §(z) u comepxamiee napy ([€,£+6(x)]; €). lpumensis caabyio semmy Komvoroposa — Cakca — Xernceroka
K opHoMmy ciaraemomy {([€,&+Ax];§)} C T, umeem

E+Ax
f@ 80— [far) <5
3
C Jipyroii CTOpOHBI, . .
|f(&) - Az| < [f(€)] -7 < |f(§)|m <3
Suaqnr,
E+Az
|F(£+ Az) — F(&)] = /fdt <e

3
Yro u TpeboBasIoCh JI0Ka3aTh: JId J1I000ro € >0 Hanwiocs v >0, Takoe, 4TO KaK TOIbKO 0 < \Am| <Y, BBIIIOJIHSIETCA
onenka |F(§ + Azx) — F(§)| < e.

TeopeMa JOKa3aHa.

3ameuaHwue.
Orcroma cpa3y ciemyeT HeIPEePbIBHOCTD HEOIIPE/Ie/IEHHBIX nHTerpasioB Pumana u Mak-11leitna, xorst nyis maTerpana Pumana
MBI 3TO YK€ JIOKA3aJIH.

Teopema 2. (muddepenuppyemocts nouru seropy uarerpaia Kypuseiins — Xencroka)

Eciu f €H[a,b], F — neonpenenennsit unrerpan f Ha [a,b], To F'(z) = f(z) nouru Bcroay Ha [a,b].
JlokazaTeJbLCTBO.

[Mepenmmmem TOKa3BIBAEMOE YTBEPKICHUE B TAKOM BUJIE: JIJIS TIOYTH BCeX To € [a,b)

lim F(JZQ + AJC) — F(J?o)
Az—0 Az

— f(xo)| = 0.
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st 1r06010 ¥ > 0 MoJI0KUM

F(xO + AAQ:; — F(Jjo) _ f(xO)

E, = {xo € [a,b] : limsup
Az—0

> 7} -
Flao + t:: — ) )] > v}

TpebyeTcs I0Ka3aTh, YTO BHEIIHHAS Mepa JI000ro U3 MHOXKECTB [, paBHa Hy/I0. 3aduKCUPyeM KaKylo-HUOYIb 13
BBIIICYTIOMAHYTBIX [IOCJIE/IOBATEILHOCTH Ty, JIIs KazK10# Toukn MHOXKecTBa [, BozbMem joboe € >0 u HaiijeM Taxoit
macmrab §(x) Ha [a,b], aro s Jrroboro pasbuenusi T XeHcToka orpeska [a,b], corsacoBaHHOro ¢ (), BBINOIHSIETCS
OIEHKA

:{xoe[a,b]:ﬂtkﬁo,tk#O:VkeN‘

b
€.y
o(£.1) = () [ £ | < 20,
a
Omnpegennm MHOKecTBO 2 = {[z0, To + ti] : o € E,, |tx] < 0(z0)}. Kak Bcerna, [z, zo + tx] — 9TO OTPE30K € KOH-
naMu xo U o +ti. Cucrema () mokpeBaer E, B cMbicie Buramu. Iloab3ysch Bropoit Teopemoit Buramm, maiinem
KOHEWHYIO CUCTEMY OTpe3KoB [z, x; + t;] C [a,b] mokpriBaromtyio Bce E.,, KpoMe MHO2kKeCTBa Mepbl Menble €/2. Io-
crpouM pasbuenue T={(A;;&;)} Xencroka orpeska [a,b], coriacoannoe ¢ Mmacmrabom §(z), U cozpepzKalee Bce Hapbl
([x;,2; +t;];2;). pumensis xk sroMy pasbumenuio cuibHyio jemMmy Kosmmoroposa — Cakca — XeHCTOKa, IIOJIydaeM
OIIEHKY
zjti;

> fapltl = [ rasf < 3| re1ai - [rad < 7.
Tj ¢ A

B neficTBuTeIbHOZHAYHOM CiIydae OIEHKA, Pa3yMeeTcs, B JBa pa3a Jjydire. 10 ecTh BUIUM, ITO

f(ﬂjj) _ F(:Z?j + t]tj) - F(:L'J)

St
5

It;] <

J

ITo BEIGODY 1}, MEPBBIl MHOXKHTE/Ib B CIaraeMbIX MOJIyduBIIeiicss cymmMel Gosbie 7. Ho Torma
-y €
> < == = ) It < 5-
j j

Benomunaewm, 4ro B E., ocTaach elie He HOKPLITas OTPE3KaMU dacTh, HO ee BHEIIHss Mepa MeHblne /2. A Bce,
YITO HOKPLITO, TOXKE OKa3bIBAETCs He Gosbiie €/2. 3uadur, mjs jmoboro € > 0 Mbl nokazanu, uro u'E, < e. To ectnb
w*Ey = 0. A 3HaYUT U Mepa BCEro MHOXKECTBa TOUEK, [Ie IpousBogHas F'(x) He pasHa f(x), Torke IMeeT Mepy HyJIb,
ITOCKOJIBKY COJEPKUTCH BHYTPHU CIETHOTO OObEINHEHUS] MHOXKECTB F 110 k € N, kaxk/10e 13 KOTOPBIX €CTh MHOXKECTBO

MepBI HYJb.

TeopeMa JAOKa3aHa.

3ameuanue.
3 Teopembl cpazy caejyer nuddepeHIupyeMoCcThb OYTH BCIOJIY HeollpedesieHHbIX nHTerpagoB Pumana u Mak-I1leitna, xors
I7Isi MHTerpasia PuMaHa MBI 9TO y2Ke JOKa3bIBAJIH.

CiaeacrBue.
Ecnu feH[a,b], f(x) > 0 mouru scrony ua [a,b] u

(H)/bfdw=0,

to f(z) = 0 mourw BCrOAY Ha [a,b].
Joka3areybCTBO.
MozHo cuurars, aro f(z) > 0 Berogy Ha [a,b]. Torga umeeM ciefyomniee paccyxKieHue:

T T b b
0<F(x):/fdté/fdt—i—/fdt:/fdxzo.
a a T a
Buaunr, F(z) = 0 Berony Ha [a,b], u F'(x) = 0 Bciogy Ha [a,b], 3HAYMT, IO TOJBKO UTO JOKA3AHHOH Teopeme

f(z) = F'(x) = 0 nourn scrony Ha [a,b].
CaencrBue JOKa3aHO.
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7.2. HepaBeHcTBO YebbiweBa.

Teopema 3. (mepaserncrso Hebbiniesa)
Ecin f — nelicrBuresbHO3HAYHAS HEOTPHIATEIbHAS DYHKINS, MHTErpupyeMast B cMbicse Kypuseitns — Xencroka
Ha orpeske [a,b], TO mys mo6oro duciaa A>0 umMeeM HEPABEHCTBO

b
Wz € ad): fz) 20} < ;(H)/fd:c

Joka3aTeybCTBO.
O6osuaunm {z € [a,b] : f(z)>A} = E. Bospmenm moboe ¢ > 0 u Haiinem Macmrab §(x) Ha [a,b], Takoii, 4ro s
sroboro pasbuennst T={(A;;&;)} Xencroka orpeska [a,b]BbITOIHIETCS HEPABEHCTBO

b
o(ﬁT)—(H)/fdm <e.

ITycrs © — cucrema Beex oTpeskoB Bua [x,t] (wnu [¢,x]), tne x € E u |z — t| < §(x). OueBunno, cucrema € HOKpbI-
BaeT MHOKeCcTBO F B cMmbicsie Burasu. CorsiacHo Bropoii Teopeme Burasiu, BeiOepeM KOHEYHYIO CHCTEMY HellepeceKaro-
IUXCsT OTPE3KOB [, 0] € Q, i = 1,...,n, HOKPBIBAIOIILYIO BCe MHOXKeCTBO I, KpoMe MHOYKeCTBa Mephbl MeHblle &. [Ipu
ITOM 15T y100CTBA MOYKHO CIUTATH, YTO OTPE3KU PACIIOJIOXKEHBI IO TIOPSKY, TO eCTh a L o < F1 <o < (o <--- < 3, <b.
O6o3uayuM yepes &; TOT KOHeI, oTpe3ka [, 3;], Koropsiii jexkur B Muoxkectse F. Ha erie He OKPBITHIX HEBBIPOXK JICH-
HBIX OTpe3Kax [a,aq],[f1,02],. .., [Bn,b] mocTpoum paszbuenue Xencroka,corsacoBanuoe ¢ Macmrabom (z), u mycrs T
— pasbuenne, cocrosiiiiee n3 pasduennii stux orpeskos u nap ([a;,5i];&:), ¢ = 1,...,n. Torma T cormacoBano ¢ mac-
mrabom §(z), u, npumMeHsst cnabyio aemmy Kommvoroposa — Cakca — XeHCTOKA, TOJIyUYaeM, ITO

" Bi
S| #€B-a) ~ 00 [ 1o || <
i=1

a;

Bemomunas, aro dyukiusa f y HAC HEOTpHUIATEIbHAs BMECTE CO BCEMHU €€ MHTErPAJBIMKAMHU, JIEMOHCTPUDYEM
CJIEJIYIONIYIO JIOCTATOYHO CJIaDYIO OLEHKY:

n

n Bi b
0< 3 F(E)(Bima) < Z(H)/fdx+s < (H)/fdx+e

i=1

A nockonbky Bee & € E, Bce f(&) = A. Orciona nosydaem, 9ro

n b
0<AY(Bi-a) < (1) [ fdo+e,

i=1

" 1 b €
E (ﬁi—ai) gf(H) de-‘r*
. A A
=1 a
3Ha‘II/IT7 Mepa MHOXKeCTBa E, COCTOAIIETr0 N3 OTPE3KOB [ai,ﬁi] 1 HEIIOKPBITOI'O MHO2KeCTBa MEPbI MEHBbIIIE £, UMEeT

Mepy
b
B <t (H)/fd ve Ly
1 5 et+e| § .

B cuny npousBosibHOCTH BBIOOpa Yncia € >0 mojiydaeM Kak pas3 JI0Ka3bIBaeMOe YTBEPKIeHe. 3aMeTUM, 9TO 3J1eCh
HAC HUKTO HE 3aCTaBJIsSeT MOJIyYaTh B KOHIE ONEHKYM POBHO €. A eIlle 3aMeTHM, U4TO CTPOroe HEPABEHCTBO 3aMEHSICTCST
Ha HECTPOTOoe.

TeopeMa JAOKa3aHa.

7.3. AGcontoTHOCTb nHTerpana Mak-LLleiliHa.

Teopema 4. (06 abcomoraocru unrerpasa Max-Illeiina)
Ecin dyuxmus f maTerpupyema no Max-Illeitny Ha orpeske [a,b], To u dyHKims |f| Toke mHTerpmpyema Ha
orpeske [a,b] mo Maxk-IleitHy 1 MO/yJsIb UHTErpasia OT f He MPEBOCXOAUT MHTErpaja ot |f|.
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Jloka3aTesbCcTBO.
Bosbmen s060e € > 0 u Haiiiem macmtab d(x) Ha [a,b], Takoii, aro js moboro pasbuennst T = {(A;;€;)} Mak-
[MTeitna orpeska [a,b] BHIIOIHIETCS HEPABEHCTBO
b
€
M) [ fdz| < =
9
a

ITposepum kpurepuii Komu. Bosbmem jgsa ormedennbix pasouenns T={(A;; &)} uT = { (A;; f;) }, COTJIACOBAHHBIX
¢ macmrabom 6(x), 1 cobepeM U3 HUX JBa HOBBIX Pa30HEHUSL:

= {(A N A/f fl) AN A; — HEBBIPOYKIEHHBIH OTpeSOK} ,
={(AinA%}; &) : AN A} — meBbIPOXKACHHDIH OTPE3OK | .

3/eCh MBI BCIIOMHIJIA CTApyo JIEMMY O TOM, UTO 3TO JEHCTBUTENLHO OyyT pasbmenusi orpeska |a,b]. VI mmento
3/1eCh MCIOJIL3yeTCs, YTO MHTerpaJl Honumaercs B cMbiciie Mak-Illeitna: B HoBoMCIIEYEHHBIX PA3OMEHHAX TOUKH MOIYT
BBICKOUUTD 3a oTpe3ku. Pazbuenus T u T/, oueBuIHO, CONIACOBAHBI ¢ MACIITAOOM §(X), TIOITOMY MOYKHO IIPUMEHUTD K
HUM cuiibHYIO JemMmy Kosmoroposa — Cakca — XeHCTOKA:

>3 |renainal - [ ras] <

A OA;

, de
ZZ &) |Ain A — (M /fdx<§.

Ay ﬂA;

ITpucTymaeM K OlEHKe Pa3HOCTH UHTErpajibHbIX cyMM oT (yukuun |f|. Ham nonasoburcs u3BeCTHOE HEPABEHCTEO
o toM, 410 ||a] — |b|| < |a — b|]. OHO cTaHOBHUTCSI OYEBU/HBIM, €CJM HA KOMILIEKCHOM MJIOCKOCTH HAPUCOBATH J(BA KPyTra
C TEHTpaMy B HyJIe U pajmycamu |a| u |b|: Torma cupasa GyleT CTOATH PACCTOSTHAE MEXKJLY JBYMsl TOUKAMH C DA3HBIX
OKPY?KHOCTEI, a cJieBa — MUHHMAJIBHOE U3 TAKHX PACCTOAHMI, 8 MMEHHO Pa3HOCTh PaJIyCcOB OKpYsKHOCTelt. MTak,

o (f,T) = o(f,T')| = Z\f& \A\—Zlf ||a5]] = ZZU@ )l |4 ﬁA’|—ZZ|f )] | =
=222 (€l = [FED - [arn A5 < DD € = [F(E) ]| n Aj] ZZV &)~ F(E)]|an A =

=Y Slrelainayl - sg) [ainagl < T3 s |ainag) - ) [ fas+

A; ﬂA;

de  4de

FYY | [rde- () a0 )| < T <

Takum obpazom, kputepuit Koru BuITIOTHIETCS, 1 HHTEIPUPYEMOCTh TOKa3aHa. HepaBeHCTBO Ha MHTErPaJIbl JOKa-
3bIBAETCs TaK 2Ke, KaK W I WHTerpaJjoB Pumana u Boobie 1o Jiroboit 6a3e:

M) [ £ d| = lim lo(£,D)] < lim (171, T) / 1 do

TeopeMa JAOKa3aHa.

IIpumep. Qyuxius f(x), KoTopas paBHa (71)]€+1 2% /k ipm x € (2*’“,2*’”1], uaTerpupyema no Kyprseiiao —

&)
Xencroky ma [0,1], u uarerpan pasen Y. (—1)°t!

uaTerpasa u gopmyny Herorona — Jleitbauna. OqHako U3 TOJBKO YTO JOKA3aHHOW TEOPEMbI CJIEyeT, 9TO UWHTErpaJia
o0

/k. D10 10Ka3bIBAETCS Yepe3 HEIPEPLIBHOCTH HEOIPEIeJIEHHOIO

B cmbicie Mak-Illefina He cymecTByer, TOCKOIBKY psan » . 1/k pacxomures.
k=1
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8. WNuterpanbl Ctuntbeca.

ITycTh meficTBUTELHOZHAYHBIE UM KOMILIEKCHO3HAYHbIE (DYHKIWMU f U ¢ OlpeJesieHbl Ha oTpe3ke [a,b].

Omnpenenenne. VnrerpaiabHoil cymMMoit gpyHKImn f 1o (GyHKIMK ¢, COOTBETCTBYIOIIE OTMEYeHHOMY pa3OueHnIo
T={(A;;&)}, HasbiBaeTCsl BBIpasKeHUE

o(fdg,T) = Z f(&)g(Aq)

Ounpenenenne. Oynkuusa [ unrerpupyema Ha [a,b] no dbyukiuu g B cmbicie Pumana — Cruiarbeca u I — ee
UHTErpaJl, ecyiu jiis Jroboro & >0 Haiijercs Takoe duciao 6 >0, uro mis Jjuoboro paszduenus T ={(A;;&;)} Xencroka
orpeska [a,b] mesbae § Boionusercs ounenka |o(fdg, T) — I| < e.

B srom ciydae nummyT

b
(R—S)/fdgz[.

Ounpenenenne. Oyuknug f unrerpupyema na [a,b] no dyukuuu g B cmbicie Mak-Ileiina — Crunrbeca u I — ee
MHTErpaJl, ecsiu Jyist joboro € > 0 Haiigercss takoil Macmrab 6(x) Ha [a,b], aro mis moboro pasbmenns T = {(A;;&;)}
Max-IITefina orpeska [a,b], cormacosannoro ¢ §(x), somonuserca onerka |o(fdg, T) — I| < e.

B srom ciyuae nummyT

b
(M*S)/fdg:I.

Onpenenenne. Qyukuus f uHrerpupyema Ha [a,b] no dyHkiun g B cMbicie Pumana — Cruorbeca u I — ee
UHTErpaJl, ecyu jjis Jjaoboro € >0 Haiigercs takoii macirab 6(x) ua [a,b], uro mis moboro pasduenus T ={(A;; &)}
Xencroka orpeska [a,b], cormacoBannoro ¢ d(x), Beinosasiercs onenka |o(fdg, T) — I| < e.

B sTom caydae mumryT
b

(HfS)/fdg:I.

a

fAcuo, uro marerpassr Pumana, Mak-Illeitna u Kypuseitins — XeHcTOKa SBIISIIOTCS YACTHBIME CJLY9asIMU COOTBETCT-
Bytomux uHrerpainoB Cruirbeca upu g(x) = x. Takxke sicHO, 4TO

b
(R~5) [ £dg = lamo(dg. ),

b
(M=) [ £dg = limo(7ds,T).

b
(1= 3) [ 1dg = timo(rdg.T).

Ob6paruTe BHUMaHUE HA TO, YTO HUKAKUX HOBBIX 6a3 MbI He BBOJIUM. MHTerpassr CTuarbeca OTImdaiTcst OT 00bIY-
HBIX TOJIBKO CTPYKTYPOIl MHTErPaJbHON CYMMBI, & Ipees Oepercst 0 TeM Ke CaMbIM Da3aM.
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N3 sTux yTBep}K,ILeHI/Iﬁ Cpa3y K€ BbIBOJATCA 3HAKOMbIE CBOWCTBA.

VYrBepxkaenne 1. (o Bzaumocssizu unrerpaaos CTuiarbeca)
Eciin dynkius f uarerpupyema no Gyskmun g B cMbicie Pumana — Crunrbeca wian Mak-Illeitna — Crusirbeca, To
f maTerpupyema no g u B cmbicie Kypiseitis — Xencroka — CruiTheca ¢ TeM Ke 3HAYEHHEM HHTErpaJa.

dokazaTesibCcTBO.
3/1ech, KaK U paHbIle, BCe CIeyeT W3 CBONCTB IPeNesIoB Mo H6a3aM. 3aMETHM, 9TO U TYT MBI HE YTBEPXKJIAeM, ITO
u3 uHTerpupyemoctu o Pumany — Cruirbeca cienyer uarerpupyeMoctsb 1o Mak-Illeitny — Cruirbeca.

YTBepxﬂeHlee AOKa3aHO.

YrBepxkaenue 2. (o juHedHOCTH HO DYHKIIHIM)

Ecin dbyukiusa f unrerpupyema mo GyHKIUU ¢ B OMHOM u3 Tpex cMbIciaoB (Cruirbeca, pasyMeeTcs; Jajblle He
OyJieM YIIOMUHATD sIBHO, €CJIM M TaK [OHATHO), TO Jyist Jo6oro ducja A GyHKIma Af MHTErpupyema 1o g B TOM K€
CMBICJTE, a TaK Ke f WHTerpupyemMa Mo Ag B TOM K€ CMBICJI€ W BBITIOJHSIETCS PABEHCTBO

/b)\fdg:/bfd)\g:)\-/bfdg.

Ecin byukuun fi; u fo uATErpMpyeMBI TI0 ¢ B OJHOM M3 TPEX CMBICIOB, TO MYHKIMA f1+ fo TOXKe MHTErpupyeMa
110 g B 9TOM CMBICJIE U BBIMOJIHSIETCS PABEHCTBO

b

Jii+ £ dg=/bf1dg+/bf2dg.

a

Ecin dynkmusa f uarerpupyema mo pyHKIUSIM g1 U g2 B OJHOM U3 TPEX CMBICJIOB, TO f MHTErpUPyeMa u 10 g1 +ga
B 9TOM CMBICJIE U BBIIOJIHSIETCS PABEHCTBO

b b b
/fd(91+92):/fd91+/fd92-
‘HOKa?)aTeJ'[bCTBO.

Bce, xak obbIuHO, ciemyer n3 “OnnmHEHOCTH WHTErPAIbHON CyMMBI IT0 000UM (DYHKITASIM:

lgﬂa((fl + f2)dg,T) = hma(fld% )+lgﬂf7(f2dgﬂf)7

li%n o(fd(g1 +g2),T) = nno(fdgl,']l‘) + liﬁr;na(fdgg, T).

VTBepKeHue J0KaA3aHO.

YrBepxkaenue 3. (0 coOxpaHeHHH HEPABEHCTB)
Ecmu f(x) < h(z) ma orpeske [a,b], g — HeyObBatomas yukims Ha [a,b], n dyHkmun f w h UHTErpUpyeMBI TIO
dbyuxmu g HA [a,b], BOSMOXKHO, B Pa3HBIX CMBICJIAX, TO BBIIOJIHSIETCS HEPABEHCTBO

b b
/fdg</hdg.

loka3zaTeyibCTBO.

b
/f dg = grgo(fdg,ﬂ‘) hma (hdg, T /hdg

Kak u B nponuisiii pas, Bce cBogurca K unrerpaity Kypuseiis — Xencroka — Cruiarbeca. Yesiosue, 9To QyHKIUS
g — HeyObIBaloIasi, Hy2KHO, Korja yreepxiaaeM, aro o(fdg, T) < o(hdg, T).

VTBepKaeHue JT0Ka3aHo.
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YrBepxkaeuue 4. (kpurepuii Koun)

®Dynknus f uHTErpEpyeMa 1o GYHKIUN g Ha oTpeske [a,b] B cMbiciae Puvana — Ctusirbeca TOrma u TOJIBKO TOTA,
Koryia f u g onpezenensl Ha [a,b] u ayist smo6oro € >0 Hadijercst Takoe ducso ¢ >0, 910 st JoObIX JAByX pastuennit T
n T’ Xencroka orpeska [a,b] Mesbde ¢ BbimogHsiercs oneska |o(fdg, T) — o(fdg, T')| < e.

®Dynknus f uHTErpupyeMa 1o GyHKIuM g Ha orpeske [a,b] B cmbicie Mak-IIlefina — Cruirheca TOrIa U TOJBKO
Torjia, Korja f u g onpejenensl Ha [a,b] u guis o6oro € > 0 Hafiercst Takoit macirab §(z) Ha [a,b], 410 J1st TOOBIX IBYX
pas6uenunii T u T" Max-IIeiina orpeska [a,b], cornacoBanubix ¢ §(x), Beinosnsercs ouenka |o(fdg, T) — o(fdg, T')| < e.

Dyuknust f uHTerpupyema 1o GbyHKIuH ¢ Ha orpeske [a,b] B cmbicie Kyprpeitns — Xencroka — Cruirbeca To-
IJa U TOJBLKO Torja, Korjua f u g oupemesienbl Ha [a,b] u ayis joboro € > 0 Haiimerca Ttakoil macmrab o(x) Ha
[a,b], aTo mast mo6bx AByx pastuennit T u T/ Xemcroka orpeska [a,b], cormacoBaHHBIX ¢ 0(), BBIMOJHSETCS OIEH-
ka |o(fdg,T) — o(fdg, T")| < e.

JlokazaTebCTBO.

Hy TyT mokassiBaTh HEYEro, Mbl MPOCTO TPUBEIM Kpurepuii Kommm cymmecTBOBaHUS TPEIESIOB [0 HAIIUM 6a3aM
B COOTBETCTBHE C JEACTBYIONIUMU OINPEIEIEHUSIMU.

YTBepxﬂeHne AOKa3aHO.

VYrBepxkaenue 5. (MHTErpUPYEMOCTb Ha HOJOTPE3KAX)

Eciu dbysxnus f unrerpupyema mo GyHKIUM g Ha OTpeske [a,b] B KAaKOM-7mb0 CMBbICIe, TO f MHTErpupyeMa 1o g
u Ha jobom nogorpeske [a',b'] C [a,b] B ToMm ke cMmbIce.

JlokazaTebCTBO.

B TOYHOCTH TIOBTOpSsIET JTOKA3ATENBCTBO JJIsl OOBIYHBIX UHTErpaJios, ¢ 3amenoii o(f, T) na o(fdg, T) (mposepbre!).

yTBep)K,Z[eHI/Ie AOKa3aHO.

YrBepxkaenue 6. (a1AuTUBHOCTD 110 OTPE3KY)
Ecsu dyrkuns f unrerpupyema no dbysknun g B cMbicsie Puvana — Ctuitbeca Ha oTpeske [a,b], Ha orpeske [b,c],
U elre Ha OTpe3Ke [a,c], TO BBIIOJIHIIETCS] PABEHCTBO

/cfdgz /b—l—/c fdg.
a a b

Eciu dynxnust f unrerpupyema no byHKuuu g Ha orpeske [a,b] u Ha orpeske [b,c] B cmbicie Mak-Ileiina —
Crunrbeca nmu Kypnseitia — Xencroka — Cruiirbeca, 10 f MHTErpupyema 1o g Ha OTPE3Ke [a,c] B TOM 2Ke CMBbICJIe
U BBITIOJTHSIETCST TO YK€ PABEHCTBO.

Jloka3aTeabCcTBO.

Hna uwarerpaio Maxk-Illeitna — Crunrbeca u Kypiseins — Xencroka — Ctuirheca 10Ka3aTeILCTBO B TOYHOCTH
[TOBTOPSIET JIOKA3ATEIbCTBO JIJIsi OOBIYHBIX MHTErpasioB. A st uarerpana Pumana — CTusrbeca JT0OKA3aTeIbCTBO HE
IPOXOUT: HampuMep, ectn f(x) = X(0,1)(x) n g(x) = Xjo,1)(), To HETerpas or f mo g cymecrsyer kax na [—1,0], Tax
u Ha [0,1], Ho He Ha [—1,1]. Tak yTo dopMynIUpPOBKa cTaHOBUTCs Ciaabee, a JOKA3ATENbCTBO IIPOIIE.

O6o3naqum uepes B 6azy, seMenTsr KOTOPOiL B(;b (rme 6 > 0) cocroaT TOMBKO U3 Tex pasbueHnit XeHCTOKa CO-
OTBETCTBYIOIIETO OTPE3Ka MeJibde §, Y KOTOPBIX TOYKa b He sIBJISeTCsl BHYTPEHHEH TOYKON HU OJHOIO M3 OTPE3KOB
pasbuenust. O4eBUIHO, YTO STO JEHCTBUTEIBLHO 06a3a, U 9TO eCJId MHTErpaJl CyIecTByerT mno baze Pumana, To oH cyrie-
ctByer n 1o BY, m 3Hagenme mHTErpason copmagaotT. Temeps mycts T — moboe pasbuenme oTpesKa |a,c|, Takoe, 9TO
TOYKa b He ABJIsIeTCs BHYTPEHHEH TOYKON HI OJHOTO U3 OTPE3KOB pasduenus. B arom cirydae pasouenne T pacmagaercs
B o0benuHeHue pasduennit T1 U To, T1e

T = {(A;&) € T: A; C [byc]}
Torna
b c
o(fdg.T) - (R=35) [ fdg. (1o, T2) 2 (R=5) [ 1dg,
a b

o(fdg. ) o2 (R~ 5) [ fdg

BHaunT, mepexos K mpesesnanm 1o 6aze B° B pasencrse o(f, T) = o(f, T1) + o(f, T2), momydnm To 4TO HATIO.
VTBepKaeHue JT0Ka3aHOo.
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9. Bapuauuns. PyHKUMN OrpaHUYeHHON Bapuaunu.

9.1. [1Ba onpepeneHnst Bapmayun.
Omnpenenenne 1. Ilycts E — muoxectBo na R, D = {ai}?zo — J11000#1 KOHETHBIN HAOOp ToUek u3 F, 3aHymMepo-
BaHHBII B IOPsiJIKe BO3pacTaHus: ag < a1 < -+ < a,. BEcim dyukuust f oupenenena #Ha E, To Bapuanueii [ Ha E
HA3bIBAETCSI BEJUIMHA

Var f = ng; |f([ai—1,ai])| = gg];; |f(ai) — flai-1)]

Onpepesenne 2. Ilycrs E — mHOKecTBO Ha R, = {I;} — He Gosiee ueM cueTHast CHCTEMa HENEPEKPHIBAIOIIIXCS
orpe3koB ¢ kounamu B E. Eciin dyuknus f onpenesnena wa E, To Bapuamnueit f Ha F Ha3bIBaeTCd BEJTHINHA

Var f = sgpz |f(1:)]

Jloka>keM 3KBUBAJIEHTHOCTh OITPEJIeJICHUIA.

Bpemenno OysieM 0003Ha4YATh BapHAIllUXA B CMBICJIE PA3JINYHBIX OIPEJEJIeHNIl Yepe3, COOTBETCTBEHHO,

(1) (2
Vgr f m Vgr f

Bo-niepBrix, ecnu mano kakoe-to D = {ai}?zo, To obosHaunm I; = [a;_1,a;]. Torga craner sicHo, 9TO

n

- If(laimva)l = 3T IF(I)] < Var® f.

i=1
[TosToMy TO 2Ke BBITIOJIHEHO W JJIs TOYHOI BepXHEH rpaHu CyMM, TO €CTh
Var® f < Var@ 1.
E E
Bo-Bropbix: cHavasia paccMOTpuM ciydaii, korma cucrema () = {I;} uz Broporo ompemesienust konedna. llycrb

{ai}?zo — KOHIIBI 3TUX OTPE3KOB, PACIIOJIOKEHHBIE KAK CJIEMYeT, TI0 Bo3pacTaHmio. Torja cpeim OTpe3KOB [a;_1,d]
cojiepaKaTCs BCe OTpe3Ku I;, moaTomMy

Zi: |f(L)] < g |f([ai-1,a:])] < Vgr(l)f.

Ho pa3 310 HEpABEHCTBO BBIMOJHEHO JIJII KOHEYHBIX CYMM, TO OHO BBITIOJTHEHO U JIJIT OECKOHETHBIX, TOCKOJILKY TIPU
rnepexojie K Mpejiesly HEPABEHCTBa, COXPAHAIOTC. A Terepb, Mepexojisd K TOYHON BepxHeil rpaHu, mojydaeM Tpebyemoe
yTBEpK/IeHuE

Var® f < VarW 7.
E E
OKBUBAJIEHTHOCTDb ONpPE/ICJICHUN oKa3aHa.

Onpenenenune. Eciu Bapuanus ¢yskinuun f Ha MHOXKecTBe F KOHedHa, TO GyHKIUO [ Ha3bIBAIOT (PYyHKIIHEH
orpaHuveHHoil Bapuanuu, wiu VB-bysknueit, va E u mumyr f € VB(E).

b a b a
Onpenenenune. Var f = Y% I V;;irf =—Varf. Varf=0.
a a, a a

ITpumep. kg f(xr) = xsin(l/x 0) = 0, menpepsiBHag Ha orpe3ke |0,1|, He gaBasgeTcsa Ha HEM HKITHEi
) ) b )
Or'paHUYIEHHON BapHAIIMN — HECJIO?KHO yKa3aTh CUETHYIO CHCTEMY OTPE3KOB, IPHUPAIIEHUs Ha KOTOPHIX COCTABJISIOT

pacxomsimuiicst pag > 1/k.
keN
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9.2. CeoiicTBa Bapmnauyuu.

YV TBep>XKJIeHUH.

IIycrs mamo muoxkecrso B C R, dyukmun f u g onpenesenst Ha E.
1. Ecom H C E, T0 sz}rf < Vgrf.
2. Ecsim A — mr060e 1mesto, To Vgr()\f) = |} Vgrf (rme 0 - 00 = 0).
3. Var(f +g) < Var f + Varg
4. Ecin f € VB(E), 1o f orpanuuena Ha E.
5. Eciu f,g € VB(E), rou f-g € VB(E) u BbINOIHSIETCSI HEPABEHCTBO
.q) < . . .
Var (f-g) < sup|f|- Varg + sup|g| - Var f
6. Econ f € VB(E), i%f |fl=v>0,701/f€e VB(E) n
1
2
7. Ecnu f € VB(E), ¢ € Lip(f(E)) ¢ xoucrauroit C, 1o (f) € VB(E) n
< .
V§r¢(f) S CVEarf

1
ngrf < ng,rf

8. Ecu f € VB([a,b]), f € VB([b,c]), To f € VB([a,d]) u
Var f = Var f +V}}rf.

lokazaTenbcTBa.

IlepBbie nBa yTBep:KI€HUS HY COBCEM YK OYEBUJIHBI, [I0O3TOMY OCTAaBHAM HX B KAa4eCTBE YIPAXKHEHHUST U HAIHEM
JIOKa3bIBATH TPETHE.

3. Bocmonb3yemcst BTOPBIM OIIpe/IeSIEHUEM BaPUAIIIH.
|+ 9)I)| = [£(T) + g(I)| < [FT)] + lg(1)]
N < : )| <
; |(f +9)(I)] < Z £+ Z l9(L:)| < Var f + Varg,

OTKY/la Hallle YTBEP2KJIeHNue 1 CJIeyeT.

4. Iycrp z,z9 € E (a eciiu E mycro, To, oueBugHo, f orpanudena Ha E), Torma umeeM OIEHKY
[f @) <[f(@) = flzo)l + | (o)| < Var f +|f(zo)].

5. CHOBa TI0JIb3yeMCsl BTOPLIM OIIpe/Ie/IeHIeM BapUAIAH, a TaK »Ke YeTBePThIM yTBepxkaenueM. OmeHnM mpupalieHue
dbyukun f-g Ha orpeske I = [a,f]:

[(F-9) (D =1£(B)9(B) = fla)gla)] <

< [fF(O)(9(8) = gla)| + g(@)(f(B) = fla))] <
Ss%plf\- 9(1)|+s%p|9| D]

Teneps BocmOIB3yeMCs ITOM OIEHKON It OIIEHKN CAMOI BapUAIUN:

Z (fg)(jz) < sup |f| - Var g + sup |g‘ - Var f,
- E E B B

K2

", KaK BCer/ia, IIpu Iepexoje K BEpXHUM I'paHAM HEPaBEHCTBO COXPaHUTC.

6. st mo6oro orpeska I = [a,] cHOBa nMeeM OIEHKY:
0] 10,

}(I)’:‘f(lﬁ)_f(la) :‘fﬁ;;f 5) ‘\ )2

3HaLII/IT, AHaJIOTUIHO MOXKHO OII€EHUTH U CyMMDbI, a S3HAYNUT U BapUaIlUIO:

Xy

1 1
< ¥;|f(jz)| < ?Vgrf'
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7. Ousith oneHnBaeM npupaiienne Ha I = [a,f]:

[ (ND] = 1(f(8)) = (f (@) < CLf(B) = f(e)| = ClfI)]

3Ha‘II/IT7 Ha CYMMBbI HpI/IpaLLLeHI/Iﬁ nmeeM OIICHKY

DA< CHIFL) < C Var f.

8. Mycre {I;} — xakas-HMOy/b CHCTEMA HEIIEPEKPBIBAIOIINXCsI OTPE3KOB Ha [a,b], {I]’} — CHCTeMa, HelepPEKPhI-

Batonuxcsi orpeskos Ha [b,c]. Torma {I;} U {I J’} — CHCTeMa HellepeKPBIBAIOIINXCsl OTPE3KOB Ha [a,c|, 1 1osydaeM
epBoe HepaBeHCTBO:

SO+ Y |F(I)] < Var £,
i J
Vgxrf 21Hm)| < Var f,

b c c
Var f + Var f < Var f.
a b a

Tenepn, nycrs {I;} — Kakasg-HUOY/Ib CHCTEMa HEIIEPEKPLIBAIONIMXCA OTPE3KOB Ha [a,c]. Ecau B Heii Her orpeska,
JIIST KOTOPOTO b — BHYTPEHHAA TOYKA, TO

b c
D) =) 1FUI) +) |f(L)| < Var f + Var f.
i I;Clab] I;C[b]

! __ " _
Ecom e b okazamach BHyTpH, CKazKeM, OTPesKa [;, To 3amMenmuM ero na fsa orpeska [ = I; N [ab] u I} = I;N[b,c].
ITpu 5TOM MMEET MECTO HEPABEHCTBO

U = [F(5) + SN < 17 (5) +1£(E)].

TaK 9TO MPU TAKOW 3aMeHe CyMMa MOJIyJIell TPUPAIIEHUN MOYXKET TOJIBKO yBeJnmdIuTbes. Ho, MOCKOJIbKY MBI IIPHU
9TOM IIPUIINA K Y2Ke PACCMOTPEHHOMY CJIy4alo, OHa BCE PABHO He IIPEB30iiJIeT TOro 4ero He HaJo:

b c

DU YN+ [ (L)) + [F(I])] < Var £+ Var f
i i£j

Yro u Tp€6OBa.HOCBZ MBI JOKa3aJIl HEpaBEHCTBa B obe CTOPOHDBI, & 3HAYUT U JIOKA3bIBA€MOE€ YTBEPZKJICHUEC.

yTBep)K,Z[eHI/Iﬂ JOKa3aHBbI.

3ameuaHue.

HOCJIG,[LHGG YTBEPKAEHNE OCTAETCA B CUJIE JIJaKe €CJIU He BBIIOJIHAETCA COOTHOINEHNE a < b<ec. ,ZLOKBBI)IB&GTCH 9TO Hepe6op0M
Pa3INIHBIX B3aNMHBIX paCHOJ’IO)KeHI/IIL/'I TOY€EK a, buec.

9.3. lNpepacrasnenne VB-dyHkuuii.

JlemmMma.
Eciu dynkmus f onpenenena ma mpomexkyTtke I, Touka zg € I, TO [Var] f — HeyObBaromast GpyHknust Ha .
To,T
Ecin dyuxips f K ToMy 2Ke jeificTBUTEIbHO3HAUHASL, TO HEYObIBAIOIIMME sABJIAIOTCH Takxke pykuuu Var f + f(x)
Zo,T
u Var f — f(x).
[IOrI]
dokazaTesibCTBO.

Ecnu JaHbI 1Be TOYKN T W Y U3 IPOMEXKYTKa I, £ < 1, TO, OYeBUIHO,
y z y
Var f — Var f =Var f > |f(y) — f(x)| = 0.
To o x
IIpu 3TOM B JIeHiCTBUTEILHOZHAMHOM CIyYae JJis, HapIMep, IepBoit (OyHKITHH, NMeeM aHAJOTHIHYIO OIeHKY
Y x
Var f+ f(y) = Var f = f(z) > f(y) = f(@) + |f(y) = f(2)| > 0.

JlemMma mokaszaHa.
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YTBepKaeHUue.

HeiictBurepao3nadnas GyHKIus f, onpeseseHHas Ha UHTepBaJse [, sBisieTcsd Ha HeM (DYHKIHEH OrpaHUIeHHON
BapHAaIMl TOTJA ¥ TOJIBKO TOTJa, Korja f mpejcraBisercs Ha I B BUJIe PA3HOCTH JBYX HEYOBIBAIOIIIX OIPAHMIEHHBIX
dyuknuii. [Ipu sTom eciin dyukius f aBisiercs-raku QyHKIMeNH orpaHnIeHHON Bapualiuu, ToO MOXKHO 11000paTh TaKue
HeyObIBatoIe orpannvennsle GyHkimn f1 u fo Ha I, ato f(z) = fi(x) — fo(x) n

V?rf = VIar i+ V?r fo.

loka3zaTeibCTBO.

Bo-niepBbIx, mokaxkem, 9TO HEyOBIBAIOIINE OTPAHMYEHHBIE (DYHKIMHU SBJSIOTCH (DYHKIUAMYU OTPAHUICHHOU Ba-
puaruu. [yt 9T0r0 BOCIOIB3yeMCS TEPBBIM OIIPEe/ICHNEM BapUAIMU, B KOTOPOM BBHY MOHOTOHHOCTH (DYHKITUI
MOKHO yOpaTh MOJIYJIH:

(f(ai) = f(ai-1)) = f(an) — f(ao) -

1

n
1=

Orcroma BUIHO, ITO
Var f =sup f —inf f.
I T I
Buauur, f € VB(I). Ilosromy u pasnoctsb aByx Takux dbyHKImil Oyger DyHKIMel OrpaHMYeHHOl Bapuayu, Tak
9TO B OJHY CTOPOHY YTBEPKICHWE JTOKA3AHO. 3a07HO MbI HAIUCAJHU SIBHOE BBIPAXKEHWE BAPUAIUU JIJIsT MOHOTOHHBIX

OrpaHUYEHHBIX (DYyHKIUA, 1 B O/Kaiiliiee BpeMsl HaM 9TO IOHAA00UTCs. Ele MOXKHO OTMETUTH, 4TO €CJId o U (3 —
KOHIIBI TIPOMEKYTKa I, TO

) fB),Bel ; Jfl@),aeT;
S‘?pf{f(ﬁ—omw; ‘}ff{f(a+o>,a¢1.

Tenepsb J0KazkeM 00paTHOE yTBepXKIeHne. BO3MOKHOCTD MPEJICTABICHUS CJIeAyeT U3 JeMMBbL: eClu Tg € I, To
flx) = <Varf + f(x)) —Var f = Var f — (Varf — f(a:)) .
o xo xo Zo
A eme MOXKHO 3aICaTh TaK:
1/ = 1/ =
fo) = 5 (Var f o+ 4@)) = 5 (Var s = 1))

[IpoBepuM, wTO B mOCjEmHEl 3aMUCH CyMMa Bapuanuil 3TUX IBYX (DYHKIWI JefCTBUTEILHO paBHA Bapuanuu f.
HeiicTBuTepHO,

Vlar (Vgrf + f(x)) = sup (Vgrf + f(x)) - irllf (Va;irf + f(x)) =
zo I zo Zo
B(=0) a(+0)
= ( Var f if(ﬁ(—o))> —( Var % f(a <+0))> -

= Var f £ (f(3(=0)) = f(a(+0))).
3HAYNT, IPU CJIOKEHUU [IIOCMUHYCHI COKPATSITCS W TOJIY I TCSI V?r I

YTBepx(,z[eHne AOKa3aHO.
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10. N ewe Heckosbko TeopeM 0O MHTerpasax.

10.1. NHuTerpupyemocTtb HenpepbiBHbIX pyHKunii no VB-cdyHkuuam.

Jlemma.
Ecin {A;}!_, — pasbuenue orpeska [a,b], orpesok [¢,d| C [a,b], To mst sro6oit dbyrkuun f, onpezesenHoii Ha [a,b],

uMeeM paBEHCTBO
n

flled)) = f(led] N A

i=1
JlokazaTesibCTBO.
O6osnaunm A = [¢,d] u A; = [a;—1,a;]. Be3 orpanudenusi 06IIHOCTU MOXKHO CIATATD, YTO

a=ay<ar <---<a,=0>o

Haiigytca takune wucaa k u l, 910 a1 < ¢ < ax u a;—1 < d < a;. B aTOM c1yvuae HEBBIPDOXKIEHHBIMUA OTPE3KaMu
GyayT (TOJBKO) OTPE3KH
[c,ak] ,Ak_H, R ;Al—h [al_l,d] .

Teneps TPOBOAUM IIPOCTYIO BBIKJIAJIKY:

-1
FA) = f(d) = f(e) = flar) = f(e) + Y (f(as) = flai1)) + f(d) = flarr) =
1=k+1
-1
=FANAL)+ D FIANA)+ F(ANA) Zf (ANA)
i=k-+1

JlemMma mokaszana.

Teopema 1. (uHTErpUPyeMOCTb HEIPEPHIBHBIX (DYHKIHIT 110 (DYHKIUIM OrDAHUICHHOH BAPUAIIAN)
Ecmu f € Cla,b], a g € VB|a,b], To f unrerpupyema no g ua orpeske [a,b] B cmbiciie Pumana — Crusirbeca nu Mak-
[Mleitna — Ctuntbheca, u, ciemoBareabno, B cmbiciae Kypiseits — Xerncroka — Ctusirhbeca, 1 IMEET MECTO OIEHKA,

b
b
dg| < max -Varg.
/fg nax|f |- Varg

lokazaTesibCcTBO.
IMockonbKy f HempepwiBHA Ha [a,b], f paBHOMepHO HempepwiBHa Ha [a,b]. [losromy, 3adukcuposas 060 TUCIO
€ >0, MOXKeM B34Th Takoe 9mucjio § > 0, 9Tobbl s JMOOBIX JABYX TO4YeK T,z € [a,b], HaxXOmAMUXCS Ha pacCTOAHUH

|z — 2’| < ¢, BLmosHSAIACH OlEHKA
€

|[f(z) = f@)] <

Var g
a

ITposepum kpurepnii Komu. IIycrs T = {(A4; &)} u T/ = {(A;,fg)} — IIBa OTMEYEHHBIX pa30HeHus XEHCTOKA,
(Max-ITeitna) mesbue ¢ (corsacoBanubix ¢ 0(x) = §). OueHuBaeM pPa3HOCTb UHTETPAIBHBIX CYMM.

|0 (fdg,T) — o(fdg, T')| = Zfsz Zf

Zfoz (A;nA)) ZZf g(AnAY)| <
ZZ\f@— &) lo(ainag) < - zzygAm

Varg i

36



3/1ecb MBI BOCIIOJIB30BAJIMCH BTOPBIM OMPE/ICIEHIEM BapHAIINN:
, b
E E |g(Ai ﬁAj)| < Vgrg.
i

Bemmosiren kpurepuit Komu warerpupyemoctu. OtieHKa Ha MHTErPaJI MOHITHA!

S €D a(A)| < 3T 1FE (20| < max 7| S lo(A0)] < max] | - Varg.

Teopema goka3sana.

10.2. NuTerpupoBaHue no 4actam B nHterpane Pumana — Ctuntbeca.

Teopema 2. (unrerpupopanue 1o dactsM B unrerpaje Puvana — Cruirbeca)
Ecin dynkims g uaTerpupyema mno GyHkuuu f B cMmbicie Pumana — Crtuirbeca, To U f UHTerpupyema Io ¢
B cMbiciie Pumana — Ctuirbeca, U BBITOJTHSIETCST PABEHCTBO

b

b
(R - 8) / fdg = F(B)g(b) - f(a) gla) — (R — ) / gdf.

a

JlokazaTeJLCTBO.
Iycrs T = {(As; &)}, — pasOuenue orpeska [a,b], rae & € A; = [a;-1,a;], = 1,...,n, U BCe PACIOIOKEHO 110
HOPAIKY:

a=a < <1< <a< - <ap1 <& <a, =0
Torma mpeobpa3yeM MHTErPATBHYIO CYMMY CJIEAYIONIUM XUTPBIM CITOCOOOM:

n n n—1

o(fdg,T) = f(&)(g(a:) —glai-1)) = > f(&) gla) = Y f(&1) 9las) =

i=1 i=1 =0

n

= =3 (@) (F(&s1) — FE)) + F(nsr) glan) — F(E0) glao)
i=0
31ech npu mepexojie OT MEePBOM CTPOYKHU KO BTOPON MBI CIBUHY/IU HyMepPaIWio Ha BTOPOIl CyMMe, a IIpU MepPexojie
OT BTOPOI CTPOYKU K TPEThEl — MPUOABWIA U BBIWIN JABE BEJUIUHBI, TO €CTh JOOABWIM K CyMMe, 9TOOBI HyMEDAIlHsi
BBIPOBHSLIACH, & TIOTOM BbIwn. [Ipmdyem Mbl He 3HAEM, 9TO Takoe &y U &, 11, HO UX 3HAYEHNE HA PABEHCTBO HE BJIUSIET,
o3TOMY HOJIOKUM &y = a, £,41 = b. [lomyuurcs 3anATHOE TaKOE PABEHCTBO

o(fdg,T) = f(b)g(b) — f(a)g(a) — Zg(ai)(f(fiﬂ) = J(&))-
i=0

IIpu sTOM, KaK ¥ PaHbIIE, BCE PACIOIOKEHO 0 HOPSIKY:
a=¢§=a <& << <ap1 <KE <ap=8641=0.

IMosToMy, MeHsIsT MECTAME TOYKH M OTPE3KH, TO ecTh BBOAs obosnadenne T = {([§;,¢;11]; a;)}, momy1aem BoT Takoe
KPACHBOE BBIPAKEeHUE:

o(fdg,T) = £(b) g(b) — f(a) g(a) — o (9df. T).

IIpu 3TOM MMeeM TaKyio OIEHKY: €CJid Bce A\; MMEIOT JJINHY MEHbIIEe HEKOTOPOrO MOJIOXKUTEJLHOTO YUCia 0, TO
JIMHA OTPe3Ka [€;,€;11] OKa3bIBaeTca MeHbIie 24, Bellb TOUKH &; U &; 41 JI€KAT B COCEIHUX OTpe3Kax. [loaromy, nepexois
K mpejeny 1o 6a3ze Pumarma, mosydaeM Kak pa3 Tpebyemoe yTBep:KIAeHne, BeIb IpaBast IacTh M0 YCAOBUIO CTPEMUTCS
Ky/1a HaJ0, 3HAUUT U JIeBOIl HeKyJa JTeBaThCs.

TeopeMa JAOKa3aHa.

CaencrBue.
Ecim f € VBJa,b], g € Cla,b], To f unTerpupyema no g B cmbicie Puvana — Crustbeca, n, CIIeI0BaTENbHO,
B cMmbicsie Kypupeitis — Xencroka — Crusirbeca,
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10.3. Ceegenue nHterpana Pumana — Ctuntbeca Kk niterpany Pumana.

Teopema 3. (cBensenne unrerpasna Puvana — Cruirbeca k unrerpaay Puvana)
Ecin dyuknust f orpanndena Ha [a,b], byHkuuu g u f - g uaTerpupyemsr 1o Pumany Ha [a,b], G — HeonpeieeHHbII
uHTerpaJl g Ha [a,b], TO cymecTByeT uHTErpaJ

(R—S)/fdG /fgdx
,Z[OKaBaTe.T[])CTBO.

Bosbmen mo6oe € > 0. Tlockonbky g € R|a,b], nmeeM mpaBo B3sTh Takoe 1nciio 41 >0, 9To 1jst Jro6oro pastueHust
T={(A;;&)} Xencroka orpeska [a,b] Mebae §; MOIYUATCS OIEHKA

b
o(g,T /gdw <
g 8- Suplfl

[a,b]

Torma, npumensis cuiabnayio Jemmy Koamoroposa — Cakca — Xencroka, juis jroboro pasbuenus T = {(A;; &)}
XeHncroka oTpeska [a,b] Menbue §; mOSyInM ONEHKY

g

i) 1] — R/ de| < ————.

% 9(&) Al = (R) [ g > s 17|
A, [a,b]

ITpu sroM He 3a6bIBaEM KIIIOYEBOE COOOPazKeHUe O TOM, YTO UHTErPaJbduku or ¢ Ha A, ecTb Beero jmib G(A;).

Tenepp 3afimeM ¢ APYroil CTOPOHBI: TMOCKOIBKY [ - g € Rla,b], To MoxkeMm HaliTh Takoe Iucyio Oz > 0, 9TOGBI JIst
sroboro pasbuennst T={(A;;&;)} Xencroka orpeska [a,b] Mesbde d2 BBIIOIHSIIACH OIIEHKA

o(f-g,T /f gdx <§

Tax, kKaxkercs, Bce ToToBO. bepem MenkocTb ¢ = min {01,092}, u i go6oro pasbuenus T = {(A;;¢&;)} Xencroka
orpeska [a,b] Mesbue § mosrydaeM OIEHKY

o(fdG,T) — /f gde| < |3 (F(6) G(A) — F(&) 9(&) 10])

Zf& €)1A:] - (R /f gdz|.

BTOpaH CyMMa Cpa3y MEHbIIIe 6/2 Hou nepBad CyMMa OIICHUBAECTCHA TOH K€ BEJIMYUHOMN:

7

7 (2 A - 1 LS . ZAZ_ Az RS ;:E
Zlfﬁ 9(&) |A:] - G(A )|<[b£5|f\ zi:lg(f)l |- G( )I<?£g|f| 2'?115'][' 5

Bor u okasasocs, uto cymmbl o fdG, T) crpeMsiTess K HHTErpaJy or f - g, a pa3 y HUX eCTh IIPeJIes], TO OH JIOJZKEH
6bLT ObI OBITH paBeH uHTErpasty f 1o (G, 3HAYUT, OCTAETCS CJeJIaTh BBIBOJI, YTO WHTErPaJIbl STH PABHBI.

TeopeMa JAOKa3aHa.

CaencrBue. (HHTErpHpOBaHHe [0 YACTSIM sl HHTEerpaJaa Pumvana)
Ecin dyskiun v u v uaTerpupyemsl mo Pumany Ha orpeske [a,b], U u V — ux HeonpemeseHHbIE HHTEMPAJIBI, TO
w-V u v-U unrrerpupyemsl o Pumany Ha [a,b], 1 BBIIIOJHsIETCST PABEHCTBO

b b
(’R)/UV de =Ub)V(b) —U(a) V(a) — (R)/UU dx.
JlokazaTesibCTBO.
Dyukius V' orpanudena Ha [a,b], u Ja)ke uHTerpupyeMa Ha HeM 110 PumaHy, IIOCKOJbLKY OHA BOOOIIE HA HEM

nernpepbiBaa. OyHKIMSA © UHTErpupyeMa o Pumany mo ycsioBuio, u -V — ToXKe HHTerpupyema 1o PuMany, OCKOIbKY
V mempepbiBHa, a y Hac ectb Kputepuii Jlebera. [loaTomy

b

(R)/qux - (R—S)/deU.

a
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IIo COBEPIIECHHO CHUMMETPHUYIHBIM C006pa}KeHI/IHI\4 nmMeeM BTOpOe paBE€HCTBO

b b

(R)/Uvdx = (R—S)/UdV.
a a
Torma nocsie 3aMenbl B TpeOyeMOM yTBEDKICHUN HHTErpajoB PuMana Ha paBHBIE UM nHTerpasbl Pumana — Cruii-
TheCa TOJIyIUTCS KAK Pa3 yTBEPXKIIECHUE CAMOI IEePBOil TeopeMbl 00 MHTErPUPOBAHUU 110 IACTSIM.

CaencrBue JOKa3aHO.

10.4. CsepeHue nHterpana Kypuseiina — XeHcToka K unHterpany Pumana — Ctuntbeca.

Teopema 4. (cegenue unrerpaia Kypuseiins — Xencroka k unrerpasiy Pumana — Cruirbeca)
Eciu dbyukuus f unrerpupyema ua [a,b] B embicie Kypuseiis — Xencroka, F' — ee HeOlpeeIeHHbI HHTEIDAJI,
a dbyukius g € VB [a,b], o f - g Toxxe uarerpupyema no Kypuseiiio — Xencroky Ha [a,b], 1 BBIIOIHSETCS PABEHCTBO

b

(H)/bfgdx = (R—S)/ng.

a

Jloka3aTeabCcTBO.

[Ipexksie Bcero, ormeruM, 4To uHTErpai Pumana — Ctuiirbeca B paBoil YaCTH CYIIECTBYET, ITOCKOJIbKY (byHKIus F
HENpepbIBHAA, a § — (DYHKINS OrPAHMYEHHON Bapualuu. A Toraa MOXKHO, B3dB Jiioboe € > 0, moaobpaTh Takoe 9nucjio
d >0, uro jus yoboro pasbuennst T={(A;;&;)} Xencroka orpeska [a,b] Mesibue O MOSYIUTCsT OIEHKA

b
o(gdF, T) — (R—S)/ng < %

C apyroii croponsl, dyukius f unrerpupyema no Kypuseitio — Xencroky, 3uadut, Hafigerca macirab §(z) Ha
[a,b], Takoii, aro mus moboro pasbuenns T={(A;;&;)} Xencroka orpeska [a,b], cormacosannoro ¢ 6(x), Gymer

_c
8 - sup |g|’
[a.b)

b
a(f,T)—(H)/fdm <

Torpma mo cuibHOl Jemme Komvoroposa — Cakca — Xencroka st joboro pasbuenust T = {(A;;&;)} Xencroka
orpeska [a,b], cornacoBannoro ¢ §(x), Gymer

3

2-sup|g|’
[a,b]

3 f(fz‘)|Az‘|—(H)/fdx <
Ay

i

Hy u cHoBa onenusaem. ITycrs T={(A;;§;)} — ormeuennoe pasbuenne XeHCTOKA OTpe3Ka [a,b] Mesbue § u oHO-
BPEMEHHO coryiacoBanHoe ¢ MacurraboM 0(z). Torga

b
+ Zg(fi)F(Ai)*(R*S)/ng <

%

b
o(fg,T)— (R*S)/ng <

Z f(&)g(&) Al — Z 9(&i) F(A)

<?Ug|g|’Z|f(fi)|Ai|—F(Ai)|+* <5+5=e
Teopema JoKa3aHa.

CaencrBue. (uarerpuposanue 1o dactsam B uaTerpasae Kypuseiins — Xerncroka)
Ecnu dyukuus fe€Hla,b], g € VB[a,b], 0 - g€H]a,b] n

b b
() [ fode = g0) FO) - g(@) Fla) = (R - 5) [ F g
a a
B ugacTtHOCTH, yMHOXKeHUe Ha VB-dyHKIUIO He BiIseT Ha HHTerpupyemMocTh 1o Kypiseitao — XeHCTOKY.
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10.5. 3ameHa nepemeHHOl Nog 3HAKOM UHTerpana.

Teopema 5. (3aMeHa nepeMeHHOH 110/ 3HAKOM HHTErpaJia,)
IMycrs dyuknus f uaTerpupyema Ha oTpeske [a,b] B OJHOM M3 TPEX CMBICJIOB, ¢ — CTPOrO BO3PACTAIOINIAs Helpe-

poiBHO auddepeniupyemas dyukiua orpeske [a,0], e (o) = a u () = b. Torna byuxknusa f(p) ¢’ Oyner unre-
rpupyemMa Ha OTpeske [«,3] B COOTBETCTBYIOIMEM CMBICJIE, U BBITOJHUTCS PABEHCTBO

b B
[rae= [ 1) e
JlokazaTesbCcTBO.

Badurcupyem a1060e € >0, u obozuauum unrerpas or f Ha [a,b] uepes I. yukuus ¢’ M0 YCJIOBUIO HEIPEPLIBHA
Ha [a,b]. B ciyuae maTerpama Pumama MBI mONB3yeMCsT Jazke PABHOMEPHOI HEMPEPBIBHOCTHIO (DYHKIMH ', KOTOpAast
cJieyeT U3 OOBIYHON HENpepBhIBHOCTHU, & TAK K€ OMPAHUIEHHOCTHIO (DYHKINU f, U HAXOAUM Takoe ducio d; > 0, 9o
KaK TOJIBKO TOYKH t, § € [v,f] HAXOIATCST HA PACCTOSIHUM MEHBIIE d1, TTOJIYIaeTCsl OlleHKA

£

2(8 — a)sup [ f|

[a,b]

o' (t) — &' (s)] < (1)

A B ciyuae unrerpasos Mak-Illeitna u Kypuseiing — XeHcTOKa MOXKHO U HYXKHO HaiiTu Takoit Macirrab d1(z) Ha
orpeske [, ], 9T0 [t JIIOOBIX TOYEK t, § € [, 3], Takux, 4To |t — s| < d1(t), BBIIOIHSAETCS OIEHKA

3

2(8 = a) [f (M)

Tenepb BOCIIOJIb3yeMCsl HHTErPUPYEMOCThIO (DyHKIMHU f 1 Haliziem Takoe 1uciio dg >0 (macrmrab d2(x) Ha [a,b]), uTo-
6b1 15t mro6oro pazbuennst T={(A;; &;)} Xencroka (Mak-ITleiina, Xencroka) orpeska [a,b] Mesbue d2 (COracoBaHHOTO
¢ d2(x)), BBIOIHSAIACH OIEHKA

() = ¢'(s)] < (1)

(£ T) = 1] < 5. (2)

OmnsaTh pasbepeM OTAesbHO jiBa nHTerpasa. s narerpana Puvana, mosib3ysch paBHOMEPHOI HEITPEPBIBHOCTHIO Ha,
3TOT pa3 yxke DYHKIUY , HafiieM ancio takoe >0, MeHbIree d1, 9T0OBI JJIst JIIOOBIX TOUEK t, $ € [, ], Haxomsmuxcest
HA PACCTOSTHUYM MEHbIIe , BBIIOJIHAJIACH OIIEHKA,

lp(t) — (s)] < d2. 3)

A jist marerpanos Mak-ITleitna u Kypugeiins — Xencroka seibupaeM macmrab 6(x) >0, 6(z) < d1(x), Ha [o,f],
uro npu ¢, s € [a,0], [t — s| < §(t), Gyuer
[p(t) — @(s)] < d2(0(2)) - (3

Bor Temneps yrke pacemorpuM npoussosibHoe pasbuenne T={(A;; ;) } Xencroka (Maxk-Ileitna, XeHcToka) oTpeska
[, 3] menbue & (corsacoannoe ¢ §(x)). Ilpunomunas dbopMyily KOHEUHBIX npuparieHuii Jlarpanxa, oGHAPYKUBaeM,
49T0 HalyTCs Takue Touky 0; € A;, aro ¢(A;) = ¢'(0;) |A;|. Bee, Teneps Bce rotoso.

lo(f(¢) ¢',T) Zf /(&) [A = T ('(&) — &' (0:) 1Al | + Ag) 1.

Bo-nepebix, | — 0;| < 6 < 61 (wmm < §(&;) < 61(&;)), noaromy MOKHO cocnarhbest Ha oneHku (1) u (1') u onenursb
[IEPBYIO CyMMY BeJIMIHHOI /2. A st Bropoit cymmsr onierk (3) u(3') yreepxknator, uto {(p(A;); (&)} — pasbuenne
orpeska [a,b] Xencroka (Mak-IIleiina, Xencroka) messae dz (cormacoBanHoe ¢ da()), 3HAYUT BCs BTOpas CyMMa IIO
oIeHKe (2) TOXKe OIEHUBAETCS BEJIMYUHOI £/2, 9TO He MOXKET HE PaJIOBATE.

TeopeMa JOKa3aHa.

3ameuaHue.

Ananoruunyro TeopeMy MOXKHO chOPMYJIMPOBATH U ISl CIydasi CTpOro yobiBaroneil (GyHKIMU o, IPH 9TOM IIEPEJ HHTErpa-
JioM nosieurcst Mutyc. [Ipumepso tak: dyakuus f(—z) Gyner uaTerpupyemoii Ha [—b,—al], —¢(t) — Bospacratomeit, —p(a) = —b,
—(B) = —a, Torma f(—(—¢(t))) ¢ (t) 6ymer unTerpupyeMa B COOTBETCTBYIOIIEM CMBICHIE, U T.]I.
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10.6. ®opmyna Teiinopa c OCTaTOYHLIM YNEHOM B MHTErpasibHoi chopme.
Teopema 6. (popmysa Teiiopa ¢ 0OcTATOUHBIM YIEHOM B HHTErDAJIbHOH ¢opme)
Eciin yukuus f muddepennupyema n + 1 pa3 Ha OTpe3Ke ¢ KOHIIAMU Lo U &, TO UMEET MECTO PaBEHCTBO
" £ (@) Lo |
0 k
f@) =Y T e a0 o 00) [0 10 )
k=0 7o

Jloka3aTeJibCTBO.
Cpasy 3aMeTHM, 4TO HHTErPaJl CyIMeCTBYeT, HOCKOIbKY f | (t) — unrerpupyemas dbynkmus, a (v —t)" — byHK-
sl OrPaHUIEHHON Bapuanuu. Bynem nefictsoBarh 110 uaayknuu. Ilpu n = 0 yTBepKIeHUE BEPHO:

n+1)

ﬂmzfum+ﬂm—fmw=fuw+mﬂ/fmdt

[IycTs yTBepkmenue BepHO Ay n = m. Jlokaxewm ero misa n = m + 1. Iljga sToro npojiesiaeM TaKyio BBIKJIAIKY:

1 r M1 p(mt2 1 [ ot e
m(H)/(a:—t) L plm+2) p) dt_m(n_g)/(x_t) L gp(mtD) () —
__ 1 m+1 ¢(m+1) m+1 ¢(m+1) f (m+1) m+1 |
BT A A G2 G (xo>—(73—8)/f (t) d(z —1) _

x

FOm D (o) w1, 1
==y @ w0 R @y )
o
SLLGCI) MbI CHa4aJla CBO/IUM UHTEIrpaJi KprLBefIJISI — XeHCTOKa K nHTerpaJy Pumana — CTI/IJITI;GC&7 IIOTOM MHTEIr'pu-

pyeM IO 9acCTdM, U B KOHIIE€ CBOJIUM WHTErpaJI Pumana — Ctunrneca HHTEerpaJy Pumamna.

Samensis naTerpa; Pumana ua pasabiit emy maTerpas Kypieiysi — XeHCTOKa, MOJyYEeHHOE PABEHCTBO MOXKHO
IepenucaTh TaK:

Lo [a—om o an= L8 ety L [ e a

Ho Hec0)KHO BUETH, YTO UMEHHO 3TO M TPeOOBAJIOCH JI0KA3aTh: HOJCTABJIsIS BhIPAYKEHNe CJIeBa B (DOPMYJLY JIJis
n = m, KaK pa3 noyryuaeMm popMmyiry s n = m + 1.

Teopema goka3sana.

10.7. Teopembl 0 cpegHem.

Teopema 7. (mepsasi Teopema o cpeiHeM)
ITycrs peiicrBuTenbHo3HauHas GyHKIus f orpaHudeHa Ha orpeske [a,b], dyHkius g HeorpunareabHa Ha [a,b],
n dyHKIWMN g u f - g uAETErpUpyeMbl Ha [a,b] B 07iHOM U3 Tpex cMmbIcaoB. Torma Hafimercs qucyo p € [[inf f, sup f]:

@bl [ab]
b b
/fgdx :u-/gdx.
a a
JlokazaTeabCTBO.

st Havasa HanmeM Jist Beex & € [a,b] Geccopryto onenky inf f < f(x) < sup f.
[a,b] [a,b]
Tenepb ymMmHOKIM ee Ha g(x) (MMeeM MpaBo, TTOCKOJIBKY § HEOTPHIATETBHA ), T BO3bMEM HHTETrpaJ OT a 10 b (uveem
IPaBO, MOCKOJILKY MIPU WHTETPUPOBAHUN HEPABEHCTBA COXPAHAIOTCH). [0y anTes IpUMEpHO ClieyIomee:

)

[a,b] a,b)

b b b
inff~/gdm</fgdx<supf-/gdx~
[
a a a

41



Toryma eciim mHTErpas OT ¢ paBeH HYJO, TO JIOOOe (4 HAM IIOJOIIET, IIOCKOJIbKY, OKa3bIBAETCS, B ITOM CJIyUae
uHTErpas or f - g Toxke paBeH HyJ0. Ecn ke mHTErpast oT g 60JIbIe HyJIst, TO (4 BBIOMPAETCS eMHCTBEHHBIM 00pa3oM,
IIOCKOJIBKY MOKHO IIOJIEJINTh HEPABEHCTBO Ha MHTErpaJl OT (.

Teopema goka3sana.

Teopema 8. (mepsas Teopema o cpeiHeM)
[Tycrs meficrBuresbuosnagnas Gynkuusa f orpanudeHa Ha orpeske [a,b], dyukuua G — HeybbiBaiomas Ha [a,b),

u f unrerpupyema 1o G Ha [a,b] B omHOM U3 Tpex cMmbicsioB. Torma Haiijercsa 9ucio p € [[inlf] f, sup f]:
@ [a7b]

b b
a6 =y [46=n(6w) - Gla)).

loka3zaTebCTBO.
CHOBa Ha4dYHMHaeM C IIPOCTBIX U IIOHATHBIX Bemeﬁl

inf f < f(z) <supf.

[a;0] [a,b]
[Tockonbky dyukiusa G — HeyObIBAIOMIAS, UMEEM IIPABO IIPONHTErPUPOBATE O Hell MOy IeHHOEe HEPABEHCTBO:

b b b

inf f- ng/fngsupf-
[a,b] [a,b]

Kaxk u B mponuisiit pa3s, ecjin uHTErpas equHuIlbl 10 dG paBeH HyJII0, TO ObepeM JIo0oe [i, & €CJIU OH TOJIOKUTEIEH,
TO MOKHO HEPABEHCTBO Ha HErO IOJIEJIUTh — W HAWTU [, €JMHCTBEHHBIM 00Pa30M.

TeopeMa JAOKa3aHa.

3ameuaHue.
Ecsin dbyHkumst f HenpepbiBHA, TO B 060MX TeopeMax Ha oTpeske [a,b] MOKHO HaliTu Takyro TOUKy ¢, 9to i = f(c).

Teopema 9. (Bropast Teopema o cpejHeEM)

ITycrs dyrkuus f € Hla,b], g — MoHoTOHHAst dbyHKIUs Ha [a,b], Torma dyHKIWMs f-g wHTErpUpyeMa Ha [a,b] B
cmbicsie Kypuseitst — Xerncroka , u Haitgercs Touka & € [a,b]:

/fgdx—g /fdx—I—g /fda:

ITpu oM ecsiu dyHKIMs g HEBO3pACTAONIAs U HEOTpUllaTeJbHas Ha [a,b], To Halinercsa Touka ¢ € [a,b]:

/fgdx—g /fd:r

A eciim dynxIms g HeyOBIBaMOMAsT 1 HEOTPUIATENIbHAS HA [a,b], To Halimercs Touka ¢ € [a,b]:

/fgd:r—g /fd:r

Teopema 10. (Bropas Teopema o cpegHeM)
ITycrs dynknus F' HenpepsiBHa Ha [a,b], g — MoHOTOHHAs! DyHKIWMs Ha [a,b], Torja g naTerpupyema no F Ha [a,b]
B cMblcie Pumana — Cruiirbeca u Haiizercs Touka & € [a,b]:

b 1S b

(R-8) / gdF = g(a) - (R — §) / dF + g(b) - (R~ S) / dF = g(a) (F(€) - F(a)) + g(b) (F(b) - F(£)).
a a g
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ITpu sToM eciint YHKIWMST g HEBO3pACTAIOIIAsi U HeOTpUIaTeIbHAs Ha [a,b], To Hailiercs Touka ¢ € [a,b]:
b ¢
(R~ [gdF = g(a)- (R~ 5) [ dF = gla) (F(¢) - Fla).
A ecin dyHKIUA g HeyOBIBAIOIASI U HEOTPUIIATEIbHAs HA [a,b], To Haiizercs Touka ¢ € [a,b]:
b b
(R=~5) [9dF = o) (R - 5) [dF = g(0) (F) - F(©)).
¢

a

loka3zaTenbcTBa.

CymecTBoBaHUe WHTErpaJja cjienyer B TeopeMe 9 — u3 coxpanenus: maTerpupyemoctu mo Kypiseitio — XeHCTOKY
[IpY YMHOXKEHUU Ha (DYHKIMU OIPAHUYIEHHON Bapuaryu (B 4aCTHOCTH, HA MOHOTOHHBIE), B Teopeme 10 — u3 uHTErpu-
pyemocTu (byHKIuil orpaHndeHHoil Bapuanuu (B 4aCTHOCTH, MOHOTOHHBIX) 110 HEIPEPBIBHBIM (DYHKIIUSIM.

Teopema 9 ciresyer u3 Teopembr 10, Tak Kak eciau F — HeolpeiejeHHbI nHTErpaja f, To
b b
) [ fgde = (R ~5) [gar,
a a

[IOCKOJIbKY ¢ — (PYHKIIUsI OPPAHUYEHHOM Bapuamuu. Tak 4To joka3biBaeMm Teopemy 10.

[IpounTerpupyem mo dacrsm:
b b
(R=3) [gdF = g0) F(8) - gla) F(a) ~ (R—5) [ F dg
a a

[Iyctb, ckaxkem, g HeyObIBatormas. Eciu Ha caMoM Jiejie OHA HEBO3PACTAIOIIAs, TO IepeiijieM K —g — U BCE CBEIETCS
K HAIlleMy CJIydaio. A B HaleM ciydae UMeeT MeCTO OIEHKA

b

b b
minF~/dg< (’R—S)/ng<maxF~/dg.
[a,0] [a,b]

a a a

Torna, pa3 yxk F HenpepbiBHa, Ha [a,b] Hajigercs Takas Touka £, 4TO

F(f)-/bdg:m—&/bmg.

Temepb 1eTKO BBHIBOJUTCS MEPBOE YTBEPKIECHNE HAITEH TEOPEMBI:
b
(R— 5)/9 dF = g(b) F(b) — g(a) F(a) — F(§) (9(b) — g(a)) = g(a) (F(§) — F(a)) + g(b) (F(b) — F(£)).
a
JlBa Ipyrux yTBEpXKIeHUN CUMMETPUYHBI, IO9TOMY JIOCTATOYHO JI0KA3aTh OJIHO. 3/I€Ch TOXKE YI0OHO pacCMOTPETh
Caydail, KOrjia g HeyOBIBAIOIAsT U HEOTPUIIATEIbHAS. JAIMUIIEM YK€ 3HAKOMYIO OIEHKY

b b

b
r[nig]lF~/dg<(RfS)/ngér[ne?](F~/dg.

Ere 6ombImie yenauM HepaBeHCTBA, MIPUOABUB COOTBETCTBEHHO r[nibr]lF -g(a), F(a)g(a) n r[nab>]<F -g(a):
a, a,

b
min F' - g(b) < (R—S)/ng+F(a)g(a) <max F-g(b).

[a,b] [a,b]

Tenepb BOCIOJIb3yeMCsl HEIIPEPLIBHOCTHIO F' u Haiijem Takyio Touky ¢ € [a,b], 9ro

b
F(O)g(b) = (R~ S) / Fdg + F(a) g(a).

Ho Torma, Bo3Bpamasich n3 MHTEIPUPOBAHUS 110 JACTIM, OJTYyIUM KaK pa3 TO ITO HAJO.

TeopeMbl JOKa3aHBI.
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11. HecobcTBeHHble MHTerparibi.

11.1. CeegeHune HeCOOCTBEHHbIX UHTErpasioB K cobcTeeHHbiM. Teopema Xeiika.

Omnpepenenne. Ilycts bynkmus f ompesenena Ha moayorpeske [a,b), Tme a € R, b € R, b > a, n maTerpupyema
B OJTHOM U3 TPEX CMBICJIOB Ha KaxkJ0M orpeske [a,b’] C [a,b). Torma ecm cymecTByer mpese

b/
/fdx(iéfbllirlgo/fdxy
a

[a;b)

TO OH HA3bIBAETCs HECOOCTBEHHBIM MHTerpasioM (GyHKImU f Ha IpoMexyTke [a,b) (¢ ocobeHHOCTBIO B TOUKe b) B COOT-
BETCTBYIONIEM CMBICTIE, & caMa (DYHKIWS [ HAa3bIBAETCS WHTErPHUPYEMOIl B COOTBETCTBYIONIEM HECOOCTBEHHOM CMBICIIE
Ha [a,b). AHasornyHo onpeesgeTcs HeCOOCTBEHHBINH MHTErpaJl ¢ OCOOEHHOCTHIO HA JIEBOM KOHIIE IPOMEXKYTKA.

YTBepKaeHue.
Ecmu dbyuknus f waterpmpyema mo Pumany B HecobeTBeHHOM cMmbicse Ha [a,b), b € R, u orpanwvena Ha [a,b), TO
npu J060M J0onpeeeHnn f B TOUKe b mostyunM mHTerpupyemyto mo Puvany Ha [a,b] dyHKImIO, 1

loka3zaTebCTBO.
Oro cienyer u3 kpurepusi JleGera. Bo-nepsbix, Joonpeenernas dyHKus [ orpaHndeHa Ha [a,bl:

171 < maX{[Sug [f(@)], [ D)} -

O6o3HaumM yepes Fj, MHOKeCTBO TOUEK paspbia f Ha orpeske [a, b — 1/k]. Tlockonbky f mHTerpupyema mo Pumamny
Ha BCEX TAKUX OTPe3Kax, Mepa JIOOro Takoro MHOXKECTBA paBHa HyJ0. Torja u

k

BosmoxkHO, mobaButTcsi erie paspbiB B TOUKe b, HO OJHA TOYKA HA Mepy He BJuseT. SHaJduT, GpyHKIus f mocie
JIOOIIPE/ICJICHUST OCTAHETCsl HEPEPBIBHOM mouTu Beogy Ha [a,b], 1 MOXKHO npuMeHuTh Kpurepuil Jlebera. Pasencrso
WHTErpaJjoB CJIeIyeT U3 HEMPEPHIBHOCTH HEOMPEIEJIEHHOIO HHTErPAJIA.

YTBepKaeHNEe JOKAa3aHO.

3amMmeuaHue.
AHa,JIOI‘I/I‘{HOe yTBep}K,ZLeHI/Ie BepHO nu ajid I/IHTGI‘paJIa C OCO66HHOCTI)IO B JIEBOM KOHIIE. ,Z[anbme MBI 3TO OTAEJIBHO 3aMedaThb
He 6yzieM, IIOCKOJIbKY U TaK SICHO.

Ceitgac MbI cOOIpaeMcst JT0Ka3aTh aHAJIOTUIHYIO TeopeMy it naTerpasa Kyprseitias — Xercroka.

JIemMma.

ITycrs dbyskuust f omnpenenena Ha [a,b), b € R, u unrerpupyema B cmbicae Kyprseitnst — XeHcroka Ha JT060M
orpeske [a,b'] C [a,b). Torga s moboro uumcsa € > 0 Haitmercsa takoil Macmrab 6(x) Ha [a,b), 9TO mjIst J1I0GOrO
COLVIACOBAHHOIO ¢ HEM oTMedennoro paszbuenns T Xencroka soboro orpeska [a,b’] C [a,b) BoImoIHUTCS OLEHKA

b
a(f,'[F)—(H)/fdx < e.
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Jloka3aTesbCcTBO.

BadukcnpyeM Kakyo-HHOYAb OCIENOBATEIBHOCTD {by}p, TOUEK moymHTEpBata [a,b), MOHOTOHHO BO3pac-
TAIONLYIO0 ¥ CTPeMSIILyIocs K b, u o6o3HauuM by = a. ITockonbky dyukius f nnrerpupyema o Kypuseiiio — XeHCTOKY
Ha Jjobom orpeske [a,b'] C [a,b), u, ciaegosaresnsHo, Ha n1060M OoTpeske [bk_1,bk], MOKHO BHIGPATH TaKHE MACIITAOLL
0 (x) Ha [br—1,bk], k € N, aro auist m060ro corsacoBaHHOro ¢ HUMU pasbuenust T XeHCTOKA COOTBETCTBYOIIETO OTPE3KA
OyJeT BBIIIOJIHEHA OIEHKA

Torma cobepem TpeGyeMblii yHUBepCanIbHbIi MacmTab §(z) Ha [a,b) ciaemyromum o6pasoM:

min {51(1)0) ,bl — bo} upu T = bo;
§(w) = ¢ min {5 (bx) , Op+1(bk) , bk — bp—1, b1 — bi} npu T = by;
min {0 () ,x — br—1,bp — 2} upu  bp_q1 < x < bg.

3/1eCh MBI JIOOUIIMCH TOTO, YTO €CJIU OTMEeUeHHas! TOUKa pa3OUeHtsl JIeXKUT BHYTPU OJHOTO U3 OTPE3KOB [bg_1,bx], TO
U ee OTPE30K TOXKE TaM IIEJMKOM JIEXKUT. A ecjiu TOUKa CJIydaifHO COBIaJIa ¢ OAHON u3 by, TO ee BausiHue OyIeT He3Ha-
YUTEbHBIM: BEJIb €e OTPE30K He BBLIE3ET 38 HPOMEXKYTOK [by_1,b41]. VI MacmiTad d(x) emme BIoGaBOK He HPEBOCXOHT
HU OZIHOrO U3 MacmTaboB Ok () B Tex TOYKAX, KOIja mocjeanuii onpemesed. Tenepb, 4robbl JOKa3aTh pabOTOCIIOCO0-
HOCTH Halero mMaciTaba, seibepem mobyo Touky b € (a,b) u moboe ormeuennoe pasbuenne T={(A;;§;)} Xencroka
orpeska [a,b'], cormacosannoe ¢ §(x). Hosoe coobpazkenne: 6e3 orpaHndeHnst OOIHOCTA MOXKHO CIUTATH, YTO TOYKA &;
SIBJISIETCsI TPAHUYHOM TOUKOIN oTpeska A;, HOCKOJBKY €CJI 9TO He Tak, TO mapy (A;; ;) MOKHO pa3buTh Ha JIBE Iaphl:
(A; N (—00,&]5&) u (A; N[, +00) 5 &;). D10 coobpazkenue CyIIECTBEHHO, U B ciydae unrerpuposanus 110 Max-Ileiiny
He paboraer. A B HalieM e cirydae Haine pasbuerne T BOOGIIE XOPOIIO YKIIAAbIBACTCH B OTPE3KHU [by—1,br] — HU ofuH
oTpe3ouek A; He HAKPBIBAET HUKAKYIO TOUKY by. Haiimem Takoe HaTypasbHOe ancsio n, ato b’ € [by,,by 1], m npuctymmm
K OICHKE.

n

o(f,T) /fd:c—Zf&lAl— /fdx\ ST () A — (M /fdx+foz|A|— /fd:c

k=1|A,;C[br_1,bx] A Clbn b

Bce nepsble ciiaraeMble BMECTE OIEHHBAIOTCS CyMMOii reoMeTpuyeckoii porpeccun Y e/2F = ¢ (1 —1/2"), B cuy
TOTO, YTO MBI XOPOIIIO BBIOpAIN MAaCIITA0bI HA MAJIEHHBKUX OTPE3KaX, a IMMOTOM XOPOIIO BBIOpaJM MAacIiiTad Ha BCeM
npomexkyTKe. A camoe mociejiHee ciaraemMoe oneHubaercs unciom ¢/2" ! no cnaboit semme Kosvoroposa — Cak-
ca — XeHCTOKa: Bejib Ha orpe3ke [b',b,11] MOXKHO JIOPHCOBATH €Ille HECKOJIBKO OTPE30YKOB C TOYKAMHM, U IOJIYIUTCS
pasbuenue XeHcroka orpeska [b,,b,11], cormacoBannoe ¢ MacmraboM (), a K 9TOMY Pa3bHEHHMIO MbI CJIA0YIO JIEMMY
u npuMeHuM. VITOro IOy IuTcst MEHBIIE £.

Jlemma mokasaxHa.

Teopema 1. (Xeiika)

Eciu dyukuus f onpejeinena Ha [a,b), b € R, u unrerpupyema no Kyprgeitnto — XeHCTOKY B HeCOGCTBEHHOM CMBICJIE
ua [a,b), To f unrerpupyema Ha [a,b] mo Kypuseitao — XeHCTOKY B COGCTBEHHOM CMBIC/IE, ¥ 3HAYEHUS COOCTBEHHOIO
¥ HECOOCTBEHHOTO MHTErPAJIOB COBITAJIAIOT.

Jloka3aTeabCcTBO.

Hoomnpeaenum mpons3BosibHO dyHKIUIO f B TOYKe b, eciim oHa TaM Oblia HeomnpejesieHa. Bosbmem Jioboe & > 0.
[ockobKy f mHTerpupyema Ha [a,b) B HeCOGCTBEHHOM CMBIC/IE, MOYKEM HaiiTH TaKyto TouKy b € [a,b), 4TO BBINOIHEHO
yeaosue | f(b)] - (b —b) < &/3 u s mo6oit rouxn b’ € (b,b) BEMOMHsIETCS OIEHKA

/fdx— /fd:v <f

la,b)
IMosb3ysch jgemmoil, HaiigeM s Hamero € takoit macmrab § >0 Ha [a,b), uro §(x) < b—x, 6(b) < b—b u ya
7060r0 COIVIACOBAHHOIO ¢ HUM OTMedeHHOro pasbuenus T Xencroka mo6oro orpeska [a,b’] C [a,b) BBIIOJHATCA OllCHKA

o(f,T) /fdx <f

45



Hy u nyeres T = {(A;;&)} — soboe pasbuenne XeHcToKa orpeska [a,b], coracoBanuoe ¢ maciiraboM d(x). Ilo
BBIOOPY 9TOro MacTaba ecjim ToUKa &; OTJMIHa OT b, TO OTPe30K A; OKa3bIBACTCI TOXKE BHYTDU [a,b), 1, CJ1eJ0BATEJIbHO,
B T Henpemenmno mo/xHa Hajituck mapa (§;;A;), rae & = b u, cienosarensno, A; C [lxb]. Teneps 0bo3HAYUM JIEBBIIT
KoHel[ orpe3ka Aj depes b, i OlleHKa IPOBEIETCSI COBCEM JIETKO:

.
S 18l = (1) [ o] < |3 6|l = () [ £ |+ |6 1851 = (00) [ £ o]
‘ [b/,b)

[a,b) 73 a

[TepBblii MOJyJIb OIIEHUBAETCsI BeJIMInHOI € /3 Giarogaps jJeMMme. A BTOPOR — IPOCTO CyMMO# MOJLyJieil: BeJudauHa
f(&)|A,| BBumy Mamoctu orpeska A; Oyzmer menbire f(b) (b — b) < /3, a unrerpas Oyuer Gaarogaps Gausoctu b K b
Toxke MeHble €/3. Vltoro, Kak Bcerja, MEHBIIE &.

Teopema gokasaHa.

Ounpenesnenune. [lycrs dyukuus f onpenesena Ha IpoMexkyTKe [a,b) 1 MHTErpupyeMa B OJHOM U3 TPEX CMBICJIOB
Ha ro6oM mozorpeske [a,b’] C [a,b). Byaem ropoputs, uto f ymosmersopsier yciaosuto Komm HecOGCTBEHHON MHTETrpH-
PYeMOCTH B COOTBETCTBYIOIIEM CMBICIe Ha [a,b), ecan jis jroboro uncaa & >0 Hafigercs takoe qucyio § >0, 9ro jyist
J00OBIX JByX Touek b m b’ u3 npomexxkyrka Bs(b) N [a,b) BBIOIHSETCS HEPABEHCTBO

b’ % b’

a/fdx—a/fdx = /fdx <e.

YTBepKaeHue.

Dynkus f, ONpeieleHHAsT HA TPOMEXKYTKE [a,b) U HHTerpupyemasi B OJTHOM U3 TPEX CMBICJIOB Ha JIOOOM MOIOTPE3Ke
[a,b'] C [a,b), uHTErPUPYEMA B COOTBETCTBYIOIIEM HECOOCTBEHHOM CMBICJIE HA IPOMEKYTKE [a,b) TOrIa U TOJIBKO TOr/a,
KOTJIa yJIOBJIeTBOpsieT ycjioBuio Ko HecoOOCTBEHHO MHTErPUPYEMOCTH B 9TOM CMBICJIE HA ITOM ITPOMEXKYTKE.

lokazaTesibCTBO.
Joka3biBaTh TYT HEYero, 3To mpocto kpurepuit Kormm cymmecTBoBanns B ToUke b jieBoro mpejaesna QyHKINn

Flz) = / F(#) dt.

VTBepx(,z[eHne AOKa3aHO.

Ounpenesnenune. Byjem roBoputh, 9T0 HeCOOCTBEHHBIH nHTErpas or GyHkuuu f Ha [a,b) B JAHHOM CMBICJIE CXOIUTCS
abCOJTIOTHO, eciM f WHTErpupyemMa B 3TOM CMBICJIE Ha JiroboM momorpeske [a,b/] C [a,b) m cymecTByeT HeCOGCTBEHHDII
unrerpas or |f| Ha [a,b).

YTBepKaeHue.
Ecsn vecoberBennblit uaTerpas or GbyHKIun f cxoqurcsd abcoJIoTHO Ha [a,b), TO OH CXOIUTCH.

loka3aTesibCTBO.
VrBepxkeHue cieayer u3 Kpurepus Kommm HecoOCTBEHHON MHTErpUPYEMOCTH U HEPABEHCTBA

VTBepxq:[eHMe AOKa3aHO.

11.2. lMpu3Haku cxo0AMMOCTU HECOOCTBEHHbIX UHTErpasos.

Teopema 2. (npusnak cpabrenus 1)

Eciu dbyskuumu f u g onpejienesst Ha [a,b) 1 mHTErpupyeMbl Ha J11060M oTpeske [a,b’] C [a,b), MoxKeT ObITh, B pa3HBIX
CMbIC/IaX, U UpU 9TOM Ha [a,b) BbinosHgercs HepasencTso 0 < f(z) < g(z), TO U3 cymecrBoBanus HECOOCTBEHHOIO
uHTerpasa or GyHKuuu g Ha [a,b) Oymer cienoBaTh CyIIeCTBOBAHME HECOOCTBEHHOIO MHTerpasa oT byHKImH [ Ha
[a,b), m HAOGOPOT, ecim HeCOGCTBEHHBIH MHTErpasd or f Ha [a,b) HE CyIIECTBYeT, TO HECOOCTBEHHBI MHTETPAJ OT § —
TeM GoJiee HE CYIIECTBYET.
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Jloka3aTesbCcTBO.
W3 coxpaneHust HepaBEHCTBa [IPU WHTEIPUPOBAHUU B JIIOOOM M3 TPEX CMBICJIOB CJIEyeT, 9TO Ha JII0O0M OTpe3Ke

[b',b"] C [a,b) nmeeT MecTO HEPABEHCTBO
b// b//

Og/fdxé/gdx.
b b
Takum 06pa3oM, U3 BLINOJHEHUS YCJI0BUs Ko Jijist ¢ cjie/lyeT ero BBINOJHEHUE U JJist f, 1 Ha0BOPOT.

TeopeMa JAOKa3aHa.

Teopema 3. (npusHak cpaBHeHHs 2)

Ecisn HeoTpunaresbhble GyHKIMU [ U ¢ onpejeseHsl Ha [a,b), n uHTErpupyeMbl Ha J1060M orpeske [a,b’] C [a,b),
MOXKeT OBbITh, B Pa3HBIX CMBICJIAX, U IIPH 9TOM Ha [a,b) BeINONHsIeTCs oneHKa 0 < ¢; < f(x) /g(x) < c2 < 400, TO
HEecOOCTBEHHbIE MHTErPasbl Ha [a,b) GyHKIuil f u g cXouarcsa mim pacxoisaTcs OJHOBPEMEHHO.

loka3aTeyibCTBO.

CuoBa mosib3yemcst KpurepueMm Kommun — u 3aMedaeM, ITO

b’ b’ b’ b’

1
()g/fdm < e /gdm, 0</gdm g—/fdx.
¢l
b 1%

4 b’

Teopema gokasaHa.

JIlemma.
IIyctb p — dbyHKIUST OrpaHUYEHHOI! BapUaluy Ha HOJIyOTPe3Ke [a,b), Tae, Bo3MOXKHO, b = +00. Tormga mist siro6oro
qucsta € >0 Hafinercs rakas Touka b € [a,b), uro Var o < €.

)
lokazaTesibCcTBO.
CyiecTByeT Takoil Habop TOYEK {ai}?zo, VIOPSIOYEHHBIX 110 BO3PACTAHUIO: a < ap < a1 < -+ < @, < b, 9TO

[a,an]

Var o > Y () — p(ai1)] > Var — <.
=1 ?

31ech U 1epBOe HEPABEHCTBO, U CYIECTBOBaHME HAOOpa TOYEK CJEyeT U3 OMPEICICHUS BAPUAIIMH KAK TOYIHOM
BepxHeil rpanu. Toraa 6aroapst aJIuTUBHOCTY BAPUAINH 10 MHOXKECTBY UMEEM OIEHKY

Var ¢ = Varp — Var ¢ < ¢.
[a",b) 4 [a,b) 7 [a,an] 4

JlemMma mokasana.

Teopewma 4. (upuznak Abess)
Eciu dynkmus f waTerpupyema Ha [a,b) mo Pumany (mmm mo Kypugeiimro — Xencroky), ¢ — dbyHKIus orpasu-
JeHHOI Bapuanuu Ha [a,b), To dyHKIWMs f - ¢ TakKe mHTErpupyema Ha [a,b) mo Pumany (Kyprpeiuro — XeHCTOKY ).

Teopema 5. (upuznak lupuxiie)

Ecin neonpezenennsiii uarerpas F or dynkuun f cymecrsyer Ha npomexyTke [a,b) B cmbicie Pumana (Kypir-
Beiluist — XeHcroka) u orpanuded Ha [a,b), ¢ — dbyHKIMs orpanndeHHoil Bapuaiuu Ha [a,b), u p(z) — 0 upu x — b—0,
TO TpousBezieHne [ - © TakKe MHTerpupyeMo Ha [a,b) B cmbicsie Pumana (Kyprgseitns — Xencroka).

JokazareabcTBa.

Bynem nposepsars kpurepuit Kormu. Bossmewm so6oe € >0 u nposejiem HeOOJIbIIOE TPe0Opa30OBAHIE.

b// b// b//
/fcpd;v = (T\’,—S)/@dF = |F(b") ") — (T\’,—S)/Fd@ .
b b b
31ech MBI BOCIIOJIB30BAIMCH TEOPEMOl 00 MHTErPUPOBAHME 10 YaCTAM, KOTOPOil He ObLIo i uHTerpajos Mak-

IMTeitna, mostomy nuist Mak-Illeltna Mbl 9T npusHaku He nokasbiBaeM. Coaraemoe F(V) p(b') moxHO 0T6GpocuTs,
MIOTOMY YTO HEOTPEIeJICHHbIH HHTErpas F' MbI MOXKeM B KarKJIOM CJIydae OTCIATBIBATEL OT Touku b', u rorma F(b') = 0.
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Hpusnax Abeas:

ITo xpurepnio Komn naiiiercs Takas To9ka b € [a,b), aTo muist r060# TOUKM by € [B,b) OyIyT BEPHBI OIEHKH

by
I3 3
Fb)| = d —_— F(b —_—.
ool =| [ran < sosm w PO < gy
4 [a.b) [a;b)

Bee BesmuuHbI clipaBa KOHEYHBI, IOCKOJIBKY ¢ — (DYHKIUS OrPAHUYEHHON BapUallii, U, B YACTHOCTH, OTPAHUYIECHA.
A Tenepb MOXKHO OLEHUTDH Kazk7oe ciaaraeMoe mog MogyiaeM. [lockobky F(b”) Mbl TOJBKO 9TO CIe/Iaan JOCTATOYUHO
MaJsieHbkuM, BesmanHa F(0”) (b)) o mMoayiro He mpeBocxouT €/2. A ocTaBIIMIACS MHTEIPAIBINK OIIEHUBAECM POU3-
BezienreM MakcumyMa F'(x) na [l_),b) Ha BapHuanuio . Bropasi OIleHKa BBITOJTHSIETCS JJIs BCeX by u3 [l_),b), TTO3TOMY OHa,
€CTh BepxXHsAs Tpaub i F ua [b',0"] C [B,b), 3HAYUT MHTErPAIBINK He IIpeBocxoiuT €/2. Vtoro menbime €.

IIpusnax Jupuzxae:

Besmunna naTerpassunka F(b) onennBaeTesa caeayrommM o6pasoM:

b b v ®
|F(O")| = | | f(x)dz|=| [ f(z) de — [ f(x) dz| <2 sup f(t) dt| = C < +o0.
Jraeje|froe] /

a<z<hb

ITosb3ysCh JIeMMOil I CTPeMJICHHEM ( K HYJIIO, HAHIEM TaKylo TOUKY b € [a,b), 4TOGBI BBIIOIHSIICH OLCHKI
sup |p| < g/2C u Var || < g/2C.
[6.6) [b.b)

Torya Ha BECh MCKOMBIN HHTErpasbauk nosydaeM onenky C - (/2C) + C - (¢/2C) = e.

Boimomnen kpurepuit Kormmm HecoOCTBEHHOM WHTEIPUPYEMOCTH.

TbOpeMBIﬂOKaBaHBL
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